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Abstract : G be a profinite group which is topologically finitely generate(il, p a 

prime number and > 1 an integer. We show that the functor from rigid analytic spaces 
over Qp to sets, which associates to a rigid space Y the set of continuous rf-dimensional 
pseudocharacters G — > 0(Y), is representable by a quasi-Stein rigid analytic space X, 
and we study its general properties. 

Our main tool is a theory of determinants extending the one of pseudocharacters but 
which works over an arbitrary base ring ; an independent aim of this paper is to expose 
the main facts of this theory. The moduli space X is constructed as the generic fiber of 
the moduli formal scheme of continuous formal determinants on G of dimension d. 

As an application to number theory, this provides a framework to study rigid analytic 
families of Galois representations (e.g. eigenvarieties) and generic fibers of pseudodefor- 
mation spaces (especially in the "residually reducible" case, including when p < d). 

Introduction 
Let G be a group, A a commutative ring (with unit) and let 

T:G — >A 

be a map such that T{gh) = T{hg) for all g,h E G. For n > 1 an integer and cr G ©„, 
setH T'^(5'i, 5'2, • • • , gn) = T{gi^gi^ . . . gi^) if a is the cycle {iii2 • . • ir), and in general 

if cr = ci . . . Cs is the cycle decomposition of a. The n- dimensional pseudocharacter 
identity is the relation 

(0.1) V^i, ^2, •••,^n,^n+i e G, T^igi, g2, gn+i) = 0. 

crGSn+l 

^Draft of 17 Jan. 2008, revised on 30 August 2008. 

^Actually, we only assume that for any normal open subgroup H C G, there is only finitely many 
continuous group homomorphisms H — > TLjyL. 

'^This expression has the following important interpretation, due to Kostant. Assume that T : 
GLm(A) — + A is the trace map, if . . . ,.gn G GL„i(A) and if cr £ ©„, then T" . . . ,g„) coincides 
with the trace of the element {gi, . . . , gn)<J acting on V'^^", where V :— A"^. 
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We say that T is a d- dimensional pseudocharacter of G with values in A if T satisfies 
the d-dimensional pseudocharacter identity, if T(l) = d and if d\ is invertible in A. 

The main interest of pseudocharacters lies in the close relations they share with traces 
of representations : by an old result of Frobenius, the trace of a representation G — > 
GLd{A) is such a pseudocharacteiQ, and it is known that the converse holds when A 
is an algebraically closed field with d\ G A* (Procesi (P3] . Taylor [Tj for Q-algebras, 
|Rou| in general) as well as in various other situations (see below). In particular, we 
obtain this way an interesting parametrization of the isomorphism classes of semisimple 
representations of G over such algebraically closed fields. As the covariant functor from 
Z[l/(i!]— Rings to Sets, which associates to A the set of ci-dimensional pseudocharacters 
G — *^ ^ is obviously representable, it turned out to be an interesting substitute for the 
quotient functor Hom(G, GL(i(— ))/PGLd(— ) of isomorphism classes of d-dimensional 
representations of G. Indeed, since they have been introduced in number theory by 
Wiles [W] (when d = 2), and by Taylor [T] under the form above (sometimes under the 
name of pseudorepresentations) , they have proved to be a successful tool, first to actually 
construct some (Galois) representations, and then to study Galois representations and 
Hecke- algebras. 

Over Q-algebras, most of the basic properties of pseudocharacters follow actually from 
earlier work of Procesi on invariants of n-tuples of o? x d-matrices [P2] and on the very 
close subject of Cayley-Hamilton algebras |P3| . In relation to deformation theory, pseu- 
docharacters over local rings have also been studied by Nyssen [N] and Rouquier |Rou| in 
the residually irreducible case, and by Bellaiche-Chenevier |BCl Ch. 1] in the residually 
multiplicity free case. 

The first part of this paper addresses the problem of setting a definition for an A- 
valued pseudocharacter of dimension d which works for an arbitrary ring, i.e. without 
the assumption that d\ & A*, and to extend to this setting most of the aformentionned 
results. When d\ is invertible, the pseudocharacter identity of degree d is very closed 
to the Cayley-Hamilton identity of degree d defined by the pseudocharacter T and this 
is actually the key to most of the interesting properties of pseudocharacters H it is 
certainly not surprising that the definition above of pseudocharacters does not work 
well in general. The key notion turned out to be the one of multiplicative homogeneous 
polynomial laws on algebras, which have been studied by Roby ( |Rol| . (Ro2] ). Ziplies 
|Z1| and more recently by Vaccarino ( |V1| . (V2] . |V3| ). and which immediately leads to a 
definition for a "generalized" pseudocharacter. To avoid confusions, we rather call them 
determinants. Up to the language of polynomial laws of Roby |Rol| that we recall in a 
preliminary § 11.11 the definition is surprisingly simple : 

Definition: An A-valued determinant on G of dimension d is an A-polynomial law 
D : A[G] — > A which is homogeneous of degree d and multiplicative. 

^In view of the previous footnote, this simply expresses the fact that A"+^yl" — 0. 

^Precisely, relation (|0.ip is exactly r(CHT(5i, (?2, • ■ • ,gd)gd+i) — (see [P2] ) where CRt is the mul- 
tihnearization of the "characteristic polynomial of degree d associated to T", which is the homogeneous 
polynomial x'^ - T{x)x'^-^ + ^(^)"-^(^') 3.^-2 + , . . + det(a;). 
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Of course, usual determinants of true A-algebra representations A[G] — > Mii{A) are 
determinants in this setting, and we shall prove various converse results. By definition, 
it is equivalent to give a determinant as above and a finite collection of maps — > 
A satisfying various identities, which are in general much more complicated than the 
pseudocharacter identity. We explicit this point of view in the special case d = 2 (§ II. 8p . 
Thanks to Roby's works, there is also an equivalent general definition for a determinant 
in terms of the divided power ring r|(Z[G]) of degree d ( |Ro2| ). which is naturally 
isomorphic to the maybe more standard ring of invariants : an A- valued 

determinant on G of dimension d is simply a ring homomorphism 

Ti{Z[G])^A. 

In particular, the natural functor associating to A the set of d- dimensional A-valued 
determinants is representable by the ring T^{Z[G])^^ ^ {{Z[G]'^'^)^'')^^ . 

Thanks to works of many people (Amitsur, Procesi, Donkin, Zubkov, Vaccarino and 
certainly others), much of the deepest properties of determinants are actually known, 
although it is hard to extract from the litterature a unified picture. In the first half of 
this paper, which may be viewed mostly as an introduction to the subject, we make an 
attempt to expose the theory from the narrow point of view of determinants, trying to 
remain as self-contained (and coherent) as possible. 

In the first section, we develop the most basic properties of determinants (§ ll.l0l § ri.l7p : 
polynomial identities. Kernel of a determinant, faithful and Cayley-Hamilton quotients, 
and properties with respect to base change. An important role is played there and in the 
whole theory by a polynomial identity which is formally analogue to Amitsur 's formula 
( 11.51) . which expresses the determinant of a sum of elements xi + ■ — h in terms of the 
coefficients of the characteristic polynomials of some explicit monomials in Xi ; we give 
an elementary proof for this formula for any determinant by mimicking an elegant proof 
in the matrix case due to Reutenauer-Schiitzenbergei@ |RS| . Another important step is 
to show that the faithful quotient A[G]/keT{D) satisfies the Cayley-Hamilton identity, 
and for that we have to rely for the moment on an important result of Vaccarino |V1| 
describing r|(Z{X})'^'^ when Z{X} is the free ring over the finite set X (actually, we only 
use that this ring is torsion free, but Vaccarino's result is much stronger, see § ll.lOp . Using 
results of Procesi, we show also that over Q- algebras, determinants and pseudocharacters 
coincide, but we do not know if this holds under the weaker assumption that d\ G A* 
(we do however prove it when d = 2 and in several other cases, see Remark ri.28p . These 
last two points are actually the only places in the paper where we are not self-contained 
(see Remarks 11.161 and 11.281) . 

In the second section, we prove the analogue for determinants of the standard afor- 
mentionned results of the theory of pseudocharacters. The approach we follow is inspired 
from the one in |BCl Ch. 1], but we have to face with several extra difficulties inherent 
to the use of polynomial laws and also from the presence of some inseparable extensions 
which occur in characteristic p < d. 



'As F. Vaccarino pointed out to us, very similar results had also been obtained by Ziplies in |Z2I 
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Theorem A : Let k be an algebraically closed field and D : k[G] — > k be a determi- 
nant of dimension d. There exists a unique semisimple representation p : G — > GLd{k) 
such that for any g & G, det(l + tp{g)) = D{1 + tg). 

(See Theorem 12.121) Of course, "unique" here means "unique up to fc-isomorphism". 
In fact, if k is any perfect field, or any field of characteristic p > such that either 
p > d or [k : kP] < oo, we show the stronger fact that k[G]/keT{D) is a semisimple finite 
dimensional k-algebra (Theorem 12.161) . 

Theorem B : Let A be a henselian local ring with algebraically closed residue field 
k, D : A[G] — > A a determinant of dimension d, and let p be the semisimple represen- 
tation attached to D (8>yi k by Theorem A. If p is irreducible, then there exists a unique 
representation p : G — ^ GLd{A) such that for any g E G, det(l + tp{g)) = D{1 + tg). 

(See Theorem I2.22p Actually, we show the stronger fact that the biggest Cayley- 
Hamilton quotient of A[G] is the faithful one, and is isomorphic to (Md(A),det). We 
consider also the more general case where, under the assumption of Theorem B, p is only 
assumed to be multiplicity free, and we show then that any Cayley-Hamilton quotient 
of A[G] is a generalized matrix algebra in the sense of |BCl Ch. 1], extending a result 
there. 

Let us stress here that Theorems A and B should not be considered as original, as 
they could probably be deduced from earlier works of Procesi (|P1|.[P4]) via the rela- 
tions between determinants and generic matrices established by Vaccarino, Donkin and 
Zubkov. 

The last part of the second section deals with the problem deforming a given deter- 
minant Dq to A[e] with = (§ 12.241) . The set of such deformations of Dq appears 
naturally as a relative tangent space and has a natural structure of A-module. When G 
is a topological group and A a topological ring, we say that an A- valued determinant on 
G is continuous if the coefficients of the characteristic polynomial D(t — g) are continuous 
functions of g E G. Our main result here is the following (Prop. 13. 6p : 

Proposition C : Let k be a discrete algebraically closed field, G a profinite group, 
p : G — > GLd{k) a semisimple continuous representation, and Dq = det op. If the 
continuous cohomology group HliG , a.d{p)) is finite dimensional over k, then so is the 
space of continuous deformations of Dq to k[e\. 

All of this being done, we are perfectly well equipped to study rigid analytic families 
of pseudocharacters. Let us assume from now on that G is a profinite topological group, 
fix (i > 1 an integer, and let p be a prime number. Assume moreover that G satisfies 
the following finiteness condition : For any normal open subgroup H (Z G, there is only 
finitely many continuous group homomorphisms H — > Z/pZ. This holds for instance 
when G is topologically finitely generated, when G is the absolute Galois group of a local 
field of characteristic 7^ p (e.g. Qp), or when G is the absolute Galois group of a number 
field with finite restricted ramification. 
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The main aim of this paper is to study the contravariant functor E^'^ : An — > Set 
from rigid analytic spaces over Qp to sets, which associates to a rigid space X the set 
E^'^^X) of continuous d-dimensional pseudocharacters G — > 0{X). 

Theorem D : E'^^ is representable by a quasi-Stein rigid analytic space. 

(See Theorem 13.161) To show this we actually start with studying other natural func- 
tors. First, we fix a continuous semisimple representation 

p:G^ GU{¥p) 

and whose determinant D takes values in some finite field k C ¥p. We consider the 
continuous deformation functor F of D to discrete artinian local W{k)-a\gehras with 
residue field k. We prove first the following (Prop. 13.31) : 

Proposition E : F is prorepresentable by a complete local noetherian W{k)-algebra 
A{p) with residue field k. 

Of course, for the noetherian property we rely on Proposition C. The ring A{p) is 
constructed as a certain profinite completion of 

rimr'^^^wik). 

We consider then the functor E from the category of formal schemes over Spf(Zp) 
to sets, which associates to X the set of continuous ci-dimensional C(A')-valued deter- 
minants on G. We can attach to each such formal determinant a subset of "residual 
determinants". The set |G((i)| of all residual determinants is in natural bijection with 
the set of (determinants of the) continuous semisimple representations p as above, taken 
up to isomorphism and Frobenius actions on coefficients. It turns out that that the sub- 
functor Ep C E parameterizing determinants which are residually constant and "equal 
to" det op is representable and isomorphic to the affine formal scheme Spf(y4(/9)) over 
Spf(Zp) (where A{p) is equipped with the m-adic topology of given by its maximal ideal 
m). Our main second result is then the following (§ 13. 13. Ill , which implies Thm. D : 

Theorem F : The functor E is representable by the disjoint union of the Spf(y4(p)), 
for p G |G'((i)|. The functor E^^ is canonically isomorphic to the generic fiber of E in 
the sense of Berthelot. 

If we fix an isomorphism iy(A;)[[ti, . . . ,th^/I ^ ^(p), then we get a closed immersion 

Spf(A(p))"s ^ Bfo^^t 

as the closed subspace of the open /i-dimensional unit ball defined by / = 0, and X is 
then a disjoint union of such spaces. 

In section HJ we give some general useful complements about the rigid analytic space 
X representing E^"^. In particular, we show that there is a universal coherent Cayley- 
Hamilton representation of G over X (§ 14. 3p . Moreover, we prove that over an alteration 
of Xred there is a true locally free (of rank d) continuous representation of G, whose 
trace is the pull-back of the universal pseudocharacter. We end with a rather standard 
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application to the moduli space of absolutely ireducible continuous representations of G 
: consider the functor 

E''' : An ^ Set 

which associates to any rigid space X the set of isomorphism classes of pairs (i?, p) 
where R is an Azumaya Ox-algebra of rank d? and p : G — i?* is a continuous group 
homomorphism such that for all closed points x G X, the evaluation p^^ : G — i?* is 
absolutely irreducible, (see § 14.5. II) 

Proposition G : E^^^ is representable by a Zariski-open subspace of E^^ equipped 
with its universal Cayley- Hamilton representation. 

In the last section [5l we give an application of some of the previous results to Galois 
representations. Let G be the Galois group of a maximal algebraic extension of Q 
unramified outside {2, oo}, and let X be the 2-adic analytic space parameterizing the 
2-dimensional rigid analytic pseudocharacters of G {so p = d = 2). This space X is an 
admissible disjoint union of three open subspaces X°'^'^, X"*" and X~ over which the trace 
of a complex conjugation of G is respectively 0, 2 and —2. 

Theorem H : (resp. X"^) is the open unit ball of dimension 3 (resp. dimension 

2) over 0,2- 

The author would like to thank Emmanuel Breuillard, Claudio Procesi and Francesco 
Vaccarino for some useful discussions. 



1. Determinants of algebras 

1.1. Homogeneous multiplicative A-polynomial laws. We need some preliminaries 
about polynomial laws between two modules. We refer to |Rol| and |Ro2| for the proofs 
of all the results stated below. 

Let A be a commutative unital ring, and let M and N be two A-modules. Let Ca 
be the category of commutative A-algebras. Each A-module M gives rise to a functor 
M : Ca — > Ens via the formula B \—> M ^a B. An A-polynomial law P : M — > X is a 
natural transformation M — > N_. In other words, it is a collection of maps 

Pb:M®aB — >N®aB, 

where B is any commutative A-algebra, which commute with any scalar extension B — > 
B' over A. By a slight abuse of notations, if -B is a commutative A-algebra and m G 
M ®A B we shall often write P{m) for PBijn). When B = A[Ti, . . . , T^], we shall write 
M[Ti,...,T,] for M®aA[T,,...,Ts]. 

We refer to |Rol| for the basic operations that we can do with polynomial laws. If B 
is a commutative A-algebra and P : M — > N is an A-polynomial law, we will denote 
by P ®A B : M ®A B — y N ®a B the natural induced 5-polynomial law0 



By definition, if C is a commutativeS-algebra, {P®aB)c = Pc via the isomorphism {—®aB)®bC — 

-®A C. 
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We say that P is homogeneous of degree n (an integer > 0) if P{hx) = h^Pi^x) for all 
object B in Ca, b e B and x e M (g)AB. 

Example 1.2. Let P : M — > N be an homogeneous A-polynomial law of degree n. 

(i) When n = 1 (resp. n = 0), Pa is an A-linear map and Pb = Pa ®a B (resp. 
Pb = -Pa(O) is a constant), and P ^ Pa induces a bijection between A-polynomial 
laws of degree 1 (resp. 0) and Homyi(M, A^) (resp. A^). 

(ii) When n = 2, each Pb is again uniquely determined by P4, which is any map 
q : M — > such that q{am) = a^qijn) for all a G A, m G M, and such that 
(m, m') ^ q{m + m') — q{m) — q{m') is A-bilinear. 

(iii) When n > 3, Pa does not determine Pb in general. For instance, let A be the 
finite field with q elements, M = and let X, Y be an A-basis of HomA(M, A). 
The A-polynomial law P : M ^ A defined by P = XV^ — X'^Y is homogeneous 
of degree g + 1, we have Pa = but UV' - UW G P{M[U, V]) ^ 0. 

In any cases, a homogeneous P of degree n is uniquely determined by Pa[Ti,...,t„] : 
M[Ti, . . . , T„] — > N[Ti, . . . , T„]. Precisely, if X C M generates M as A-module, then 
such a P is uniquely determined by the (finite) set of functions 

with q; G /n = {(«!, ^2, • • • , «n) £ N"? «! + ■ ■ ■ + ttri = "^j, defined by the relation 

n 

i=l Ct&In 

where T" = nr=i^"'- 

We denote by V2{M,N) the A-module of homogeneous A-polynomial laws of degree 
n from M to X. The functor V^^M, -) : Mod(A) Mod(v4) is represent able by the 
usual y4-module r^(M) of divided powers of order n on M relative to A ( [Roll Thm. 
4.1]). Let us recall that r^(M) is naturally isomorphic to the n^'^-graded piece of the 
commutative A-algebra rA(M) which is generated by the symbols for m G M and 
i > 0, with the usual homogeneous relations : 

• = 1 for all m G M, 

• (am)W = a*mW for all a G A and m G M, 

• mWm'-'] = m^^~^^^ for all i,j > and m G M, 

• (m + m')W = X]p+g=j 'Tit^lm'^''^ for alH > and m, m' G M. 

The natural map P™'^ : m m'"!, M — > r^(M), induces t/ie universal homogeneous 
A-polynomial law of degree n. For a G /„ as above, (P™'^)["l(mi, . . . , m^) = 11^=1 "^j"^'- 

Let R and 5* be two A-algebrasj^ and P : R — > S* be a homogeneous A-polynomial 
law of degree n. We say that P is multiplicative if P(l) = 1 and if P{xy) = P{x)P{y) 



By an y4-algebra we shall always mean an associative and unital A-algebra (but not necessarily 
commutative) . 
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for all B and x,y G R®aB. For example, the homogeneous multiplicative A-polynomial 
laws of degree 1 are the A-algebra homomorphisms. By |Ro2| . the structure of A- 
algebra on R induces an A-algebra structure oii^ r^(_R), and it turns out that the 
functor A^^(_R, — ), from A-algebras to sets, that associates to any A-algebra S the 
set of M.'\{R,S) of n-homogeneous multiplicative A-polynomial laws from R to S", is 
representable by the A-algebra r^(_R) ( |Ro2l Theoreme]). In particular, the universal 
homogeneous A-polynomial law 

puniv . p, _^ T\{R), r ^ r["l, 

is multiplicative. 

Remark 1.3. Let M be an A-module and let TS^(M) be the A-submodule of M®a 
invariant by the symmetric group The natural map M — > TS^(M), m i-h> m*^", 
induces a homogeneous A-polynomial law of degree n, hence there is a natural A-linear 
map 

(1.2) ^1{M) — > TS;^(M), 

which is actually an isomorphism if M is free as A-module ( [Roll Prop. IV. 5]). When 
M = i? is an A-algebra, TS^(i?) has an obvious A-algebra structure and r i— > r®" is 
clearly multiplicative, so 01. 2p is actually an A-algebra homomorphism. In particular, if 
R is free as A-module, then 

Tl{R) ^ T^\{R) 

is an A-algebra isomorphism. 

Remark 1.4. If i? is a commutative A-algebra and M an A-module, the homogeneous 
y4-polynomial law of degree n 

M — > r^(M ®A B), (nKg) l)'"!, 

induces a isomorphism ( fRHTl Thm. III.3]) r^(M)(g)A5 ^ TKM^aB). When M = R 
is an y4-algebra, this latter isomorphism a i?-algebra homomorphism as the polynomial 
law above is multiplicative. 

1.5. Definition of a determinant. Let R be any A-algebra and > 1 an integer. 

Definition : A d-dimensional A-valued determinant on R is an element of A4j^{R, A), 
i.e. a multiplicative A-polynomial law D : R — > A which is homogeneous of degree 
d. When R = A[G] for some group G (or unital monoid), we say also that D is a 
determinant on G. 

Of course, if i? = Md{A) (resp. any Azumaya algebra of rank d^ over its center A), the 
usual determinant det : Md{A) — > A (resp. the reduced norm) induces in the obvious 

^This structure is not to be confused with the A-algebra structure on Ta{R), which is always graded 
and commutative. The A-algebra T\{R) is commutative if R is, its neutral element is 1^' , and T\{R) = 
R. 
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wa}0 a determinant of dimension d. In particular, for any A-algebra homomorphism 
p:R-^Md{A), 

D := det op 

is a (i-dimensional A-valued determinant on R. In section 12.221 we will prove some 
converse to this construction. For example, we will show that when A is an algebraically 
closed field, any determinant of R is of the form above, and we will also study the case 
when A is a local henselian ring. When d = 1, a determinant D : R — > A of dimension 
1 is by definition the same as an A-algebra homomorphism (see Example 11.21 (i)). 

Let detA(-R, d) : Ca — > Ens be the covariant functor associating to any commutative 
^-algebra B, the set of 5- valued determinants R ®a B — > B of dimension d, or which 
is the same the set of multiplicative homogeneous A-polynomial laws R — > B (recall 
that M'a{,R,B) ^ M%{R ®A B,B) by Remark O]). It is equivalent to give such a 
law or an A- algebra homomorphism Tj^{R) — > B, which necessarily factors through its 
abelianizatiorllj Tj^{R)^^, hence we get the : 

Proposition 1.6. det A{R,d) is representable by the A-algebra V^^R)^^. 
In particular, when R = ^[6*], then detz{1^[G],d) is representable by 

r^(Z[G])"^ ^ TS^(Z[G])"^ 

that we shall simply denote by Z{G,d). This ring is nonzero thanks to the trivial 
representation of dimension d of G. We will set also 

X{G,d) = Spec(Z(G,rf)). 

Of course, if is any scheme, we may define a determinant of dimension d on G over S as 
an 0(S')-valued determinant of dimension d on G, and X{G, d) obviously still represents 
this extended determinant functor. 

Example 1.7. (i) When R = A[X] is a polynomial ring in one variable, then 
TS'{{R) = A[Xi, . . . , Xd]^'^ = A[Ei,...,Ed] by the classical theorem on sym- 
metric polynomials (with the obvious notations for Xi and Ej). In particular, 
r^(i?) = r^(i?)'^^ ~ A[Si, . . . , by Remark O As we will see in § [HOl the 
universal determinant is the determinant of the regular representation of A[X] 
on 

rl(i?)[x]/(x'^ - SiX^-^ + E^x'^-^ — + (-i)^Sd). 

(ii) When R is an Azumaya algebra of rank (i^ over its center A, a result of Ziplies |Z1| 
(see also Ex. l2.5p shows that the reduced norm is the unique A- valued determinant 
of dimension d of R, and even that the reduced norm induces an A-algebra 
isomorphism Tj^^R)^^ ^ A. 

(iii) When G is a finite group Z{G, d) is a finite Z-algebra (as rg(Z[G]) is free of finite 
type as Z-module). 

^''For any commutative ^-algebra B, define dets as the determinant Md{B) B. 
^^By definition, the abelianization of a ring R is the quotient of R by the two-sided ideal generated 
by the xy — yx with x,y £ R. 
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(iv) Using Remark 11.41 we get that if B is any commutative A-algebra, the natural 
A-algebra homomorphism B r^(i?)'^^ — > r^(i? ®a R)^^ is an isomorphism. 

In the case R = A[G], it is equivalent to give a determinant A[G] — > A of dimension d 
and a (i-homogeneous multiplicative polynomial law Z,[G] — > A. Such a law is uniquely 
determined by the set of functions 

which satisfy a finite number of identities coming from the requirement that the map 

d 

Y[g^p^^B^-\g„...,g,)eA 

i=i 

extends to a ring homomorphism r|(Z[G']) — > A. 

Example 1.8. (Determinants of dimension 2 on a group G (or a unital monoid)) As 
an example, let us specify a bit those relations when d = 2. In this case, we may write 

B{gU + hV) = D{g)U'^ + f{g, h)UV + D{h)V'^ 

for some functions D = D\c : G — > A and f : G x G — > A. As we are in degree 2, any 
pair of such functions determines a unique homogeneous Z-polynomial law of degree 2 
from Z[G] to A, under the (obviously necessary) assumptions : 

V^?eG, f{g,g) = 2D{g), \fg,h G G, fig,h) = f{h,g). 

We claim that given D and / satisfying this condition, the axiom of multiplicativity of 
D is equivalent to the following set of conditions : 

(i) D is a group homomorphism G — > A* (in particular -D(l) = 1), 

(ii) for all g, h, h' G G, f{hg, h'g) = f{h, h')D{g), 

(iii) for all g, g', h, h' E G, /{hg, h'g') + f{hg', h'g) = /{h, h')f{g, g'). 

Indeed, assuming that D is a group homomorphism, condition (ii) means that D{xg) = 
D{x)D{g) for all x e Z[G] and g E G. Assuming this relation, condition (iii) means that 
D{xy) = D(x)D(?/) for all x,y E R. Obviously, this multiplicativity property extends 
automatically to for all commutative A-algebras B. 

We can write these conditions in a slightly different way. Define T : G — > A by the 
formula 

T{g) = f{g,l). 

Applying (iii) to g' = h' = 1, we see that T{1) = 2 and for aW g,h E G we 

f{g,h) = T{h)T{g)-T{hg), 

and in particular T{gh) = T{hg). Morever, f{g, h) = D{h)T{gh^^) by (ii). 

Lemma 1.9. The above map D i-^ (T, D) induces a bijection between the set of A-valued 
determinants of G of dimension 2 and the set of pairs of functions (T, D) : G ^ A such 
that D : G A* is a group homomorphism, T : G ^ A is a function with T(l) = 2, 
and which satisfy for all g,h E G: 
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(a) ngh) = T{hg), 

(b) D{g)T{g-^h) - T{g)T{h) + T{gh) = 0. 

The lemma follows easily once we observe that assuming (ii), it is enough to check 
(iii) for g' = h' = 1. Note that applying (iii) to {h,h',g,g') = {gi,l, g2, gs) we obtain 

^9u92,93 e G 

T{gi)T{g2)T{gi) - T(gi)T{g2gz) - T{g2)T(gig3) - T(g3)T(gig2) + r(gi3293) + ^(gigass) = 0, 

which is the pseudocharacter relation of dimension 2 for T. We will see in Prop. [L29l the 
following converse result : Assume that 2 is invertible in A. Let T : G — > A be a map 
such that T(l) = 2, T{gh) = T{hg) for all g,h E G, and that satisfies the 2-dimensional 
pseudocharacter identity. If we set D{g) = IM_zIIsO^ ff^^^ (-D,T) defines a determinant 
of G of dimension 2. The non-trivial part is to show that D is a group homomorphism. 

1.10. Some polynomial identities. Let R be an A-algebra, B a commutative A- 
algebra, and D G A^^(i?, 5). For each r E R, we define the characteristic polynomial 
x{r,t) G B[t] of r by the formula 

d 

X{r, t) := D(t - r) =: 5^(-l)^A,(r)r~\ 

i=0 

This formula defines A-polynomial laws Aj : R — > B which are homogeneous of degree 
i, for i > 0. We have Aq = 0, = D, Aj = for z > + 1, and Ai is an yl-linear map, 
that we shall also denote by Tr and call the trace associated to D. 

When B = A, m which case D is a determinant, this defines as well a homogeneous 
74-polynomial law of degree d 

Xir) : R — > R,r^r'^- Ai (r)r'^-^ + A2{r)r'^-^ + ■■■ + (-l)%(r). 

In this case, we shall need also to consider the A-polynomial laws Xa '■ R^ — ^ R, a E In, 
defined by the following identity in -R[ti, . . . , t„] : 

Xihri H h t^rn) = ^ Xain, • • • , rn)^^- 

Example 1.11. (i) Let us go back to the case R = A[X] (Example 11.71 (i)). We 
already identified r^(-R) with the A-algebra A [Si, ... , E^], so any homogeneous 
multiplicative A-polynomial law D : R — > B of degree d is uniquely determined 
by the image Si(D) of Sj in B. Unravelling the definitions, we see that Sj(D) = 
Aj(X), hence the claim in Example 11.71 (i). 

(ii) If D : i? — > B is a homogeneous multiplicative A-polynomial law of degree d, 
and r E R, we can restrict it to A[X] via the A-algebra homomorphism A[X] — > 
R, X r. We get this way, and by the previous example, all the possible 
identities satisfied by determinants of polynomials over a single element of R. 
For example, the Newton relations hold, i.e. for all r G i? we have the following 
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equality in : 

D(l -tr) 



(1.3) -tlP(LJr)=^TV(r»r. 



n>l 



All the functions defined above satisfy a number of polynomial identities, we collect 
some of them in the following lemma. 

Lemma 1.12. (i) For all r,r' e R, + rr') = D{1 + r'r) . 

(ii) For allri, . . . ,rn E R andi > 0, Ai(ri+r2 + - ■ ■+r„) satisfies Amitsur's formula^ 

(iii) Tr satisfies the d- dimensional (B-valued) pseudocharacter identity, 

(iv) If B = A, then for all r, ri, . . . , r„ G -R and a G In, D(l + Xai^iy ■ ■ ■ y ''^n)r) = 1. 

Let r,r' G R. We want to check that D(l + rr') = D(l + r'r). Note that if r is 
invertibl^ i?, then this follows from the multiplicativity of D and the commutativity of 
B : 

D(l + rr) = D(r)D(r"^ + r ) = D(r"^ + r')D(r) = D(l + r'r). 

We reduce to this follows. Set r' = 1 + u and let us work in R[t]. We claim that 

D(l + (1 + tu)r) = D(l + r(l + tu)) G B[t], 

which will conclude the proof by evaluating t at 1. But this is an equality of polynomials 
in t with degree less than d, so it is enough to show that they coincide in B[t]/{t'^~^^). But 
1 + is invertible in R ®a ^[t]/ (t'^^^) hence we are reduced to the previous argument. 

Let us now prove Amitsur's formula. We mimick here (and actually for (iii) and (iv) 
below also) the beautiful argument of |RS|^ . 

Let n > 1 be any positive integer, X = {xi < X2 < ■ ■ ■ < Xn} a totally ordered 
alphabet, and X+ the monoid of words in X equipped with the induced (total) lexico- 
graphic ordering < (with the convention that < Xi). Recall that a word w G X+ is a 
Lyndon word if w < w' for any suffisEl w' of w (see |Lol Ch. 5]). Denote by C the set 
of Lyndon words. By Lyndon's theorem, any word w writes uniquely as a product of 
Lyndon words w = W1W2 ■ ■ ■ Wm where Wi > W2 > ■ ■ ■ > Wm- This defines a unique map 
e : X^ — > {il} multiplicative with respect to the Lyndon decomposition and sending 
Lyndon words to 1 if they have odd lenght, —1 else. 

We fix now some elements ri, . . . , r„ in i?, and consider the A-algebra 

Am = ^[^1; • • • ) ^n]/(^l) • • • ) ^n) ■ 

Lyndon's theorem writes then as the following equality in R ®a Am 

I = n^ 

1 - (tm + ■ ■ ■ + i„r„) J-li.^' 



l^See formula (fO]) . 

^^By invertible we shall always mean on both sides. 

^^We are grateful to Emmanuel Breuillard for pointing out this reference to us. 
^^Recall that w' is a sufHx of w if w = mw' for some word m. 
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where the product on the right is taken over the (finite set of) Lyndon words (on the Uvi) 
with lenght < m and taken in the decreasing order. Applying D we get the following 
equality in B ®a 

(1.4) D(l - ^t,r,)) = n ( ) 

j=i wec \i=o / 

where the product on the right is now taken over all the Lyndon words on the Uvi, which 
is a well defined element in B[[ti, . . . , Moreover, the term on the left is the image via 
B[ti, . . . ,tn] — ^ B^A^m of the polynomial D(l — (X]j=i tjrj)) G B[ti, . . . ,tn] which does 
not depend on m. As a consequence, the formula 01.41) . also called Amitsur's formula, 
holds in B[[ti, . . . for any integer n. If z > is any integer, the homogeneous part 
of degree i of this equality is (for any n) 



(1.5) Ai(tiri + --- + t„r„) = ^ eiw)A{w), 

where the sum is extended over the n* words w on the tjVj with lenght i, and ii w = 
w^^ . . . Wq is the Lyndon factorization of w with Wi > W2 > ■ ■ ■ > Wq, where 

A{w) = \{wq)■■■Al,{w2)AUwl)■ 
Equ.a\itJ 01.51) holds a priori in B[[ti, . . . , tn]] but both sides belong to B[ti, . . . , hence 
it obviously holds in B[ti, ... ,tn]- Sending each tj to 1, we finally get Amistur's formula 
for Aj(ri + h r„) (in B). 

Let us check now part (iii) of the Lemma. Let us look at Amitsur's formula 01. 5p with 
i = n = d + 1, and consider its homogeneous component with degree 1 in each tj. We 
see at once that it is exactly the d+ 1-dimensional pseudocharacter identity for Ai = Tr. 

Remark 1.13. Assume more generally that B is any associative A-algebra (non neces- 
sarily commutative) and D G M.d{.R, B). Then the definition of the Aj also makes sense 
in this extended context and the same proof as above shows that Amitsur's formula [TTSl 
still holds (the increasing ordering chosed in the definition of A{w) is important in this 
case). However, assertion (iv) only makes sense when A = B. 

To prove assertion (iv), it amounts to show that Aj(xQ,(ri, . . . , r„)r) = for all 
r, ri, . . . , r„ G R and i >1. We will prove it now only for i = 1. As Ai is A-linear, and 
replacing R by R\ti, . . . , it is enough to show that Ai (x(r)r') = for all r, r' G R. Let 
us look at Amitsur's formula (II. 5p with i = d+l, n = 2 and (ri,r2) = (r, r'), consider 
its homogeneous component with degree d in ti and 1 in ^2- Each word occuring in the 
sum has the form r°'r'r^ with a + h = d, whose Lyndon factorization is (r"r')(r)^, and 
whose sign is (—1)". As A^+i = we get an equality 

= (-l)''Ai(rV)A,(r) = Ai((5^(-l)'^A,_,(r)rM r') 

a+b=d \a=0 / 
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what we wanted to show. 

We still have to complete the proof of identity (iv), but before let us give a simple 
consequence of what we already proved. 

Corollary 1.14. Let D be an A-valued determinant on G (a monoid) of dimension d 
and B C A the subring generated by the coefficients Ai{g) of x{g,t) for all g E G. Then 
D factors through a (unique) B -valued determinant on G of dimension d. 

Proof — We have to show that for all gi, . . . , gn ^ G, D{giti + - ■ ■+gntn) ^ B[ti, ■ ■ ■ , 
By Amitsur's formula (11.51) such a determinant is a signed sum of monomials in Ai{w) 
where w is a word on the gi, in particular w ^ G, and we are done. □ 

We now come back to the proof of part (iv). Although it might be possible to prove it 
in the style above, we will rather deduce it from a general theorem of Vaccarino. Actually, 
as we shall see, the multiplicativity assumption on D is strong enough to imply that all 
the polynomial identities between the A\w) (where ti? is a word in elements of R) which 
hold for the determinant of matrix algebras also hold for D. These identities have to hold 
in principle in the universal ring r^(Z{X})'^^, where Z{X} = Z{x, x € X} is the free ring 
over a set X (e.g. X = N), but it might be a bit tedious in practice to compute in this 
ring. All we will need to know is actually contained in the aforementionned beautiful 
result of Vaccarino (relying on results Donkin [D] and Zubkov) that we explain now. 

Vaccarino's result ( ]V1[ Thm 6.1], |V2| ]. Let X be any set, Z{X} as above, and 
Fx{d) = '^[xij] the ring of polynomials on the variables Xij for aWx E X and I < i, j < d. 
We have the natural generic matrices representation 

p-^^:Z{X}^M,iFxid)) 

defined by x t— > {xij)ij, hence we get by the usual Amitsur's formula (or by Cor. 11.141) 
a natural homogeneous multiplicative polynomial law of degree d given by 

det op"°'^ : Z{X} — >Ex{d), 

where Ex{d) C Fx{d) is the subring generated by the coefficients of the characteristic 
polynomials of the p"°'^(w), w G Z{X}. 

Theorem 1.15. (Vaccarino) det op*^"'^ induces an isomorphism T^{Z{X})^^ — > Ex{d). 
In particular, T^{Z{X})^^ is a free Z-module. 

See |Vll Thm. 6.1] and |V2l Thm.]. Set X = R and consider the canonical map 
TT : Z{X} — y R. Vaccarino's theorem shows that for any determinant D : R — > A of 
dimension d, there is a unique ring homomorphism (px '■ Ex{d) — > A such that for all 

w e Z{X}, 

(1.6) <^x(det(p-"^(u;))) = D(7r(u;)). 

More generally, it asserts that ipx ° (det op^^") = D o tt is an equality of Z-polynomial 
laws. Via ipxi we may view the A-module R as an -Ex('^)-niodule and D becomes an 
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Ex {d)-po\jnomia\ law. We get then a commutative square of i?x('^)-polynomial laws : 



Z{X} ®z Ex{d) Ex{d) 

Now, all the assertions of Lemma 11.121 follow at once from this diagram and the 
classical formulae in matrix rings (here Md{Fx{d))). For example for part (iv), the 
Cayley-Hamilton theorem shows that for ri, . . . , r„ G X = i?, p^"^(Xa(^i) • • • ? T"n)) = 0, 
so 

D(l + rxain, . . . , r„)) = det(p^'^^^(l + rXain, . . . , r„))) = 1. 

Remark 1.16. Actually, part (iv) would follow from an apparently weaker version of Thm 11.151 
: For any (finite) set X, r^(Z{X})^'^ = TS^(Z{X})'^'^ is torsion free as abehan groupEl Un- 
fortunately, as pointed out to us by Vaccarino, this is actually equivalent to Thm ll.151 in view 
of Procesi's results. 

1.17. Faithful and Cayley-Hamilton determinants. Let us first introduce the no- 
tion of Kernel of a polynomial law. Let M and N be two A-modules and P G Va{M, N). 
Define ker(P) C M, as the subset whose elements are the x G M such that 

VSGOb(CA), V6g5, \/meM®AB, P{x ®h + m) = P{m). 

Equivalently, x G ker(P) if and only if for any integer n and any mi, . . . G M, the 
element P{tx + tiuii + ■ ■ ■ + tnTUn) G N[t,ti, . . . ,tn] is independent of t (i.e. lies in 
N[ti, . . . ,t„]). By definition, ker(P) is an A-submodule of M. We say that P is faithful 
if ker(P) = 0. 

Lemma 1.18. (i) ker(P) is the biggest A-suhmodule K C M such that P admits a 
factorization P = P o vr with it is the canonical A-linear surjection M — > M/K 
andPe Va{M/K, N). 

(ii) P : P/ker(P) — > S is faithful. 

(iii) If B is a commutative A-algehra, then 

Im(ker(P) ®aB ^ M ®aB) C ker(P ®a B). 

Proof — Assertion (iii) follows from the transitivity of tensor product. Moreover, 
it is clear that if P = P o vr for some A-submodule C M as in the statement, then 
K C ker(P). We need to check that for any A-submodule K C ker(P), P factors through 
a polynomial map P : M/K — ^ A^. 

Let P be a commutative A-algebra and consider Kb '■= lm{K ®^ B — > M ^a B). 
Then {M/K)®aB ^ {M®aB)/Kb and Kb C ker(P(g)A5) by part (iii). In particular, 

I'^Indeed, it is enough to show (iv) when A = Vi{'L{X]Y'° , R = A{X], and D : i? — > A is the 
universal determinant. Fix a, r, ri, . . . , r„ as in the statement and set x = Xa{ri, . . . , r„)r. We showed 
in the proof above that Ai(a;?;) — for all y € R, and in particular that Ai(a:™) = for all to > 1. By 
the Newton relations l|1.3p . this implies that iAi{x) ~ for i > I, hence Ai(x) = as A is torsion free. 
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the map Pb: M ®aB — > N ®aB satisfies Psik + m) = PB{m) for any M e M 5 
and k G Kb, hence we obtain a well-defined map Pb '■ (M/K) B — > N ®a B via the 
formula 

(1.7) Ps((vr ®A B){m)) = PB{ni), \/m e M ^a B. 

We check at once that the collection of maps Pb with B varying defines an element 
P eVA{M/K,N). 

If K C ker(P) and P = P o tt, it follows from formula ([LIl) that ker(P) = ker(P)/ir, 
hence (ii). □ 

Of course, (11.71) shows that if P is homogeneous of some degree n and P = P o tt as 
in the lemma, then so is P. 

Lemma 1.19. Let R and S be two A-algehras and P G A^^(P, S). 
(i) 

ker(P) = {r G P, VP , Vr' eR^aB, P(1 + rr') = 1} 
= {r G P, VP , Vr' eR^aB, P(1 + r'r) = 1} 

(ii) ker(P) is a proper two-sided ideal of R. It is the biggest two-sided ideal K C R 
such that P admits a factorization P = P o vr with it is the canonical surjection 
R — > R/K and P G M\{R/K, S). 

Proof — Denote by Ji{P) and J2(P) the two sets occuring on the right in the two 
equalities in part (i). Let r G ker(P), B a commutative A-algebra, and m = 1 + h E 
R ®A B. We want to show that the elements P(l + r(l + th)) and P(l + (1 + th)r) of 
S\t] are the unit element. As they are polynomial of degree d in t, it is enough to check 
that this holds in S ®a B[t\/ {t'^+^). But I + this invertible in R ®a P[t]/(t"'+^) thus the 
multiplicativity assumption implies that 

P(l + r(l + th)) = P((l + th)-^ + r)P(l + th) = P((l + th)~^)P{l + th) = P(l) = 1, 

and for the same reason P(l + (1 + th)r) = 1, so ker(P) C Ji{P), -hiP)- The same 
argument shows conversely that Ji{P) C ker(P), hence ker(P) = Ji(P) = ^2(P). 

By (i), ker(P) is a two-sided ideal of P. As P(l - 1) = (1 - 1)"' ^ 1, 1 ^ ker(P) thus 
ker(P) is proper. Part (ii) follows from formula p.7p as in the proof of Lemma [1.181 (i). 

□ 

Alternatively, Lemma 11.191 (i) shows that 

ker(P) = {r G P, VP , Vr' G P ®a P, Vi > 1, Ai(rr') = 0}. 
Moreover, r G ker(P) if for any ri, . . . , r„ G P, we have 

P(l + r(tiri + tsrs + . . . , +t„r„)) = 1. 
When = A is an infinite domain, then ker(P) = {r G P, Vr' G P, P(l + rr') = 1}. 
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Assume now that S = A, i.e. that D : R — > A is a determinant of dimension d. We 
denote by CH(D) C R the two-sided ideal of R generated by the coefficients of 

Xihri^ l-tnTn) e R[ti, . . . ,tn], 

with ri, . . . , r„ G -R, n > 1 (i.e. by the elements Xai^i, . . . ,rn) defined in § ll.lOp . We 
say that D is Cayley- Hamilton if CH(D) = 0. Equivalently, D is Cayley-Hamilton if the 
polynomial law x '■ R — ^ R is identically zero. In this case, we will say also that (i?, D) 
is a Cayley-Hamilton A-algebra of degree d. Note that by definition, if D : R — > A is 
Cayley-Hamilton and if B is any commutative A-algebra, then D (g)^ B : R 0^ B — > B 
is also Cayley-Hamilton. 

The Cayley-Hamilton property behaves rather well under several operations, which is 
in general not the case of the faithful property. 

Example 1.20. (i) If R is an Azumaya algebra of rank ci^ over A and D is the 
reduced norm, then D is Cayley-Hamilton and faithful, 
(ii) If D is Cayley-Hamilton and S C R is any A-subalgebra, then the restriction of 
D to 5* is obviously Cayley-Hamilton. However, the analoguous assertion with 
Cayley-Hamilton replaced by faithful does not hold. For example, if Td{A) C 
Md{A) is the A-subalgebra of upper triangular matrices, then det : Td{A) — > A 
is Cayley-Hamilton, but not faithful. An easy computation shows that ker(det) 
is the kernel of the natural diagonal projection Td{A) — > A'^ in this case. 

Lemma 1.21. ker(D) contains CH(D). In particular, ifD is faithful then R is Cayley- 
Hamilton. 

Proof — This follows from Lemmas 11.181 11.191 (i) and 11.101 (iv). □ 

The next paragraph is a digression about the notion of Cayley-Hamilton representa- 
tions, the reader urgently interested in the proofs of the results stated in the introduction 
may directly skip to section [2l 

1.22. The CHd{G) category of Cayley-Hamilon representations. Let us consider 
the counterpart of these notions on the space X{G, d) = Spec(Z(G, d)) defined in § 11.51 
Consider the tautological (universal) determinant of dimension d 

D" : Z{G,d)[G] — > Z{G,d). 

The universal Cayley-Hamilton algebra 

R{G,d) :=Z(G,rf)[G']/CH(D") 

is equipped with a natural group homomorphism : G — > R{G,d)*. This morphism 
has the following nice universal property. 

Define a Cayley-Hamilton A-representation (or CR-representation for short) of G of 
dimension d as a triple {A, {R, D), p) where A is a commutative ring, {R, D) is a Cayley- 
Hamilton A-algebra for the determinant D : R — > A of dimension d, and p : G — > R* is 
a group homomorphism. Of course, usual representations give rise to CH-representations, 
but there are many more in general. 
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Consider the category CHdiG) whose objects are the CH-representations of G of di- 
mension d, and with arrows 

(Ai, A), pi) (^2, (i?2, D2),P2) 

the pairs (/, g) where / : Ai — > A2 and g : Ri — > R2 are ring homomorphisms such 
that if Li : A — > Ri is the A-algebra structure on Ri, then goii = ^2°/, /o-Di = -D205', 
and P2= go pi. 

Proposition 1.23. (Z(G, ci), ci), D"), p") «s ^/le mztza/ object ofCHd{G). 

Proof — Let {A, {R, D), p) be a CH-representation of G of dimension d. The group 
homomorphism p : G — > R* is induced by a unique A-algebra homomorphism p : 
A[G] — > R and D o p is then an A- valued determinant on G of dimension d. We get 
this way a unique ring homomorphism / : Z(G', d) — > A, hence a ring homomorphism 
Z{G,d)[G] — > A[G] — > R. As {R,D) is Cayley-Hamilton, it factors through a ring 
homomorphism g : R{G, d) — > R, and we check at once that (/, g) has all the required 
properties. □ 

The Cayley-Hamilton Z(G, (i)-algebra R{G, d) is the global section of a quasicoherent 
sheaf of Cayley-Hamilton algebras 7l{G,d) on X{G,d). Its formation commutes with 
arbitrary base changes (contrary to the faithful quotient in general) : for any morphism 
Spec(y4) — > X{G, d), corresponding to a determinant D : A[G] — ^ A, then the natural 
surjective map 

(1.8) A[G]^n{G,d)^^G,d)^ 
induces an isomorphism y4[G']/CH(D) ^ 7l{G,d) ®z(G,d) ^■ 

Remark 1.24. (CH-representations versus representations) In general, given a point 
Spec(y4) — > X{G,d), i.e. a determinant D : A[G] — > A, there is no representation 
p : A[G] — > Md{A) such that D = det op (see e.g. [BCl Thm. 1.6.3]). However, we 
have a natural candidate for a substitute which is the CH-representation (11 .Sp . i.e. 

G — y (A[G]/CH(D))*. 

Thus it is an important task to study the sheaf 71{G, d) of CH-algebras. It turns out 
to be extremely nice over some specific loci of X{G,d). For instance, we will show 
in Corollary 12.231 that it is a sheaf of Azumaya algebras of rank d'^ over the absolute 
irreducibility locus oi X{G,d) ; in particular, etale-locally on this (open) subspace D^'^" 
is the determinant of a true representation (unique, surjective). 

The situation is more complicated over the reducible locus. In Theorem 12.221 we will 
study more generally the algebra 71{G, d) ® O^^'^^ when x G X{G, d) is reducible but 
multiplicity free : it is a generalized matrix algebra in the sense of |BCl §1.3] (and all 
such algebras occur somehow this way ; when d\ E A* , this result follows from |BCl Thm. 
1.4.4]). 
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Remark 1.25. (The embedding problem) The embeding problem is to decide whether 
the CH-algebra {R{G , d) , D^'^") admits a CH-embedding in (Mrf(5),det) for some com- 
mutative ring B. A result of Procesi [P3j asserts that it holds after tensoring by Q, but 
the result over Z still seems to be open (see |Y3j). The problem is local on X{G, d), and 
there are some partial known results. For instance, we will show in Theorem 12.221 that 
it holds at X G X{G,d) (i.e for R{G,d) ® O^) whenever x is multiplicity free (compare 
with [BCl Prop. 1.3.13]). 

1.26. Determinants and pseudocharacters. We end this paragraph by a comparison 
between determinants and pseudocharacters. Let us start with the following result, whose 
conclusion will be actually sharpened below. 

Proposition 1.27. The map D i-^ Tr defined in § \1.10\ induces a injection between the 
set of d- dimensional A-valued determinants on R and the set of d- dimensional A-valued 
pseudocharacters on R. When A is a Q-algebra, it is a bijection. 

Proof — Let D : R — > A be a determinant of dimension d. By Lemma [1.121 (iii), Tr 
is a (i-dimensional pseudocharacter on R (note that Tr(l) = d), and this would even be 
true under the weaker assumption d\ E A*. Moreover, the Newton relations p. 31) show 
that for each commutative A- algebra B, each r E R ®a B and i < d, A*(r) lies in the 
Z[l/(i!]-algebra generated by Tr(r-') for j < i, hence Tr determines D. 

Let T be a d-dimensional A-valued pseudocharacter, it remains to show that it has 
the form Tr for some D. By the Newton relations again, there is a unique element 

PGZ[l/rf!][5i,...,5,] 

such that for any commutative ring B and r G M^^B), we have P(. . . ,tr(r*), . . . ) = 
det(r). Of course, if we ask Si to have degree i, then P is homogeneous of degree d. 
Moreover, P{d, d{d—l)/2, d, 1) = 1. We consider then the A-polynomial law D : R — > 
A defined by D = P(. . . , T(r*), . . . ). It is homogenenous of degree d and satisfies D(l) = 
1. By construction, it is enough to check that D(rr') = D(r)D(r') for all commutative 
A-algebra B and r,r' E R ®a B. By construction, DB(r) = P(. . . , (T ®a B){r^), . . . ) for 
all r e P (S>A P, so we may assume that A = B. By a result of Procesi |P3| . there is a 
commutative A-algebra C with A — > G injective and an A-algebra homomorphism 

p : P Md{G) 

such that tr o p = T. But then det(p(x)) = D(x) is multiplicative, and we are done. □ 

Remark 1.28. The proposition might hold under the weaker assumption d\ G A* but 
we don't know how to prove it in general, namely : we don't know how to show that 
the obvious A-polynomial law of degree d attached to a pseudocharacter T : P — > A is 
multiplicative (compare with |BCl Remark 1.2.9]). However, using structure theorems 
for pseudocharacters over fields and over local rings instead of [P3], we know that this 
holds in either of the following situations : 

(i) A is reduced. 
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(ii) For all x G Specmax(A), and k an algebraic closure of the residue field at x, the 
induced pseudocharacter T ®a k is multiplicity free (use |BCl Prop. 1.3.13] and 
BCl Thm.1.4.4]). 

In general, it would be enough (actually equivalent) to know that if G is the free monoid 
over two letters {a, 6}, and T : Z[G] — > A is the universal pseudocharacter on G 
of dimension d (with d\ G A*), then A (which is easy to describe by generators and 
relations) is torsion free over Z. The next result is an evidence for the general case. 

Proposition 1.29. Assume : 

(i) either that 2 is invertible in A and d = 2, 

(ii) or that {2d)\ is invertible in A, 

then the map D i-^ Tr defined in § induces a bijection between the set of d- 

dimensional A-valued determinants on R and the set of d-dimensional A-valued pseu- 
docharacters on R. 

Proof — We first show (i). For x,y E R set f{x,y) = T{x)T{y) — T{xy) and D{x) = 
f{x,x)/2. Then f : Rx R — > A is an A-bilinear map and D : R — > A is a quadratic A- 
map with associated bilinear map /. In particular, D defines a quadratic A-polynomial 
law R — > A which satisfies -D(l) = 1 (see Example 11.21 (ii)). We have to check that 
D{xy) = D{x)D{y) for all x,y & R. We check at once as in Example 11.81 that it suffices 
to show that for all x, x', y, y' G -R, we have 

(1.9) f{xy, x'y') + f{xy\ x'y) = f{x, x')f{y, y'). 

For m > 1, a G &rn and x = {xi, . . . ,Xm) ^ set T°'(x) = T(xj^...Xj,,) if x is 
the cycle (zi, . . . , v), and T'^(x) = Hj^'^'l^) if = Yli^i the cycle decomposition of 
a. For example for m = 3, the 2-dimensional pseudocharacter relation reads s^iT) : = 
^^ggg e((T)T'^ = on R^, where e is the signature on &m- We have to show that this 
relation implies (II. 9p if 2 is invertible in A. 

Let us fix now m = 4 and consider the order 8 subgroup H C &4 generated by 
Hq = ((1,2), (3,4)) and (1324). Let s : H ^ {il} denote the unique character which 
coincides with the signature e on Hq and such that s((1324)) = 1. Condition (II. 9p reads 

(1.10) Vx G R\ s{h)T''{x) = 0. 

Let B = Z[l/2][&4] be the group ring of ©4 over Z[l/2] and consider the two elements 
of 5 

P-= -^Ys{h)h, q="Ye{g)g 

where ©3 is viewed as the subgroup of 64 fixing {4}. Note that p is an idempotent 
of -B. To prove that the pseudocharacter relation implies p.lOp . it is enough to show 
that p G BqB (see e.g. remarks (i) to (v) following Thm. 4.5 of [P2|). For that it is 
actually enough to show that for any field k in which 2 is invertible then p G B^qB^, 
where B^ := B ®i k = k[&^]. We fix such a field. 
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Let k'^ be the natural permutation representation of 64. As 2 G A;* we have k"^ = l©St, 
and we check at once that St absolutely irreducible. Let = St ® e. Then V is also 
absolutely irreducible and we havd^ 

(1.11) lndfs = V, lnd%le = e®V. 

As dim{V) = 8 E k*, V is a projective i?fc-niodule and BkpBk — Mgi^k) is a simple 
ring (we are in the defect zero case of modular representation theory of finite groups). 
But q(y) 7^ by (|l.lllj . thus BkpB^qBkpBk = B^pB^ and we are done. 

The second statement is actually a formal consequence of Procesi's results [P2j. Let 
us consider the full polarization of the polynomial map det{g) det{h) — det{gh) on M|^, 
it is given by some element p G Z,[&2d] (see below for an explicit formula of a partial 
polarization), and as above we have to show that p G BqB where q = J^aeSa+i ^i'^)'^ 
B = Z[l/ {2d\)][&2d]- By the second fundamental theorem of invariant of set of matrices 
|P2| . we know that this holds over Q, so mp G BqB for some m G Z. As i? is isomorphic 
to a direct product of matrix rings over Z[l/(2(i)!], and as f^^^^y^ is an idempotent of B, 
it turns out that B /BqB is torsion free, and we are done. 

□ 

We end this paragraph by giving an explicit (li, d) -partial polarization of the homoge- 
neous (of degree 2d) polynomial map 

(1.12) (g, h) ^ dei{g) det(/i) - det{gh), Md{Af A 

when d\ G A, which extends the relation 01.101) obtained in dimension 2. By this we 
mean an A-multilinear map Md{A)'^ — > A which is symetric only in the first d (resp. last 
d) variables, and such that (p{g, g, . . . , g, h, h, . . . , h) = {d\)'^{det{g) det{h) — det{gh)) for 
any {g,h)eMd{Af. 

Let Hq C &2d be the subgroup preserving {1, . . . ,d} (thus Hq ~ &^) ; the element 

d 

T = JJ(i d + i) 

1=1 

has order 2 and normalizes Hq, thus H = {Ho,t) is a subgroup of order 2(c/!)^ G A*. 
The signature on Hq being r-invariant, there exists a unique character s : H ^ {il} 
such that s(r) = —1 and such that s coincides with the signature on Hq. We define an 
A- multilinear map if : Mrf(A)^'^ ^ A hy 

where T is the trace. 

Proposition 1.30. ipr is a {d,d) -partial polarization of ^1.1^) . 



^^If Ci is the canonical basis of fc^, note that the vector (ei + 62) — (63 + 64) (resp. ei + 62 + 63 — 864) 
generates the representation se under the action of H (resp. is invariant under the action of 63). 
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Proof — Note that (fx is i^o-invariant by construction. Let us first consider the 
multilinear invariant map ip : Mdi^A) — > A associated to the element u = ^^-gg^ e((7)cr g 
Z[6d], that is ip = XlcrGSd ^(^)-^'^- well-known, ip is the full polarization of det, 

being the trace of {gi, . . . ,gn) on ^(y'^'^'^) = A'^{V), where V = A'^. We deduce from 
this an expression for a partial polarization of {g, h) ^ det{gh) by {d, (i)-polarizing each 
term of the form T^'^gih, g2h, gah) as 

(1-13) ^ T''{gih^,(^i),g2K'(2),- ■ ■ ,gdha'id))- 

It only remains to identify the associated elements of Z[&2d]- 

Writes Hq = H1.H2 where Hi is the subgroup fixing d + 1 to 2d and H2 fixes 1 to d, 
and identify H2 with &d under the bijection {1, . . . ,d} ^ {d + 1, . . . , 2d}, i ^ i + d. A 
simple cycle computation shows that 

T''{gih„i(i),g2h„i{2), . . . ,gdha'{d)) = {gi, g2, ■ ■ .,gd, h, h2, . . . , hd) 

where a" = aa'ra'^^ G &2d- The key fact is that for (zi 12 ■ ■ - ir) ^ Hi any cycle, and for 
ii, J2, • • • , 3r any distinct elements in {ci + 1, . . . , 2d}, then 

{ili2 ■ ■ ■ ir) {il 31) {h, 32) ■■■(ir^jr) = {k 31^2 32 ■■■irjr)- 

As a consequence, we get a {d, (i)-polarization of (I1.12p as the multilinear invariant 
associated to the element 

p = ^ e{a)a - ^ e(a)craVcr'"^ G Z[&2d]- 
A simple change of variables (ui, (T2) = {ara'r, a'^^) identifies this map with ifT- □ 



2. Structure and finiteness theorems 

In this section, we will give some necessary conditions ensuring that a determinant 
D : R — y A of dimension d is the determinant of a true representation R — > Md{A). 
As explained in Remark 11.241 we will get these results by first proving some structure 
theorems for certain Cayley-Hamilton algebras. 

In a independent last paragraph, we will state also state and discuss a result of Vac- 
carino and Donkin asserting in particular that d) is finite type over Z when the 
group (or monoid) G is finitely generated. 

2.1. Some preliminary lemmas. Let 5*1 and S2 be two A-algebras, B a commutative 
A-algebra, d an integer, and let pj : Sj — > B he a multiplicative A-polynomial law 
which is homogeneous of degree di, with di + d2 = d. Then we check at once that the 
A-polynomial map 

P1P2 : ixi,X2) ^ Piixi)p2ix2), SiX S2 — > B, 
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which is homogeneous of degree di + d2, is again multiplicative. We will call pip2 the 
product of pi and p2- This operation induces a natural A-algebra homomorphism 

d 

(2.14) rK^)*^^ Yl T\{s,y'' ®A ^l-'(^2)'^ 

i=0 

Lemma 2.2. (i) The map Ii2.14\ ) is an A-algebra isomorphism. 

(ii) If S = a finite diagonal A-algebra, then T\[S) = r^(S')^'^ is also a finite 
diagonal A-algebra. 

(iii) // Spec(i?) is connected, then any multiplicative homogeneous A-polynomial law 
Si X 5*2 — ^ B of degree d is the product piP2 of two unique multiplicative homo- 
geneous A-polynomial laws Pi : Si — > B with degree di, and we have di-\-d2 = d. 

Proof — Note that if B is any A-algebra (non necessarily commutative), and if pj : 
Sj — > B are multiplicative A-polynomial laws of degree dj such that the images of pi 
and p2 commute in the obvious sense, then {piP2){xi,X2) := Pi{xi)p2{x2) still defines 
an A- multiplicative polynomial law of degree di -\- d2. This defines a natural A-algebra 
homomorphism 

d 

(2.15) rl(5) — l[r\{Si) ®Arr(52). 

of which (12.14p results by abelianization, thus it is enough to check that (12.151) is an 
isomorphism. By definition, the projection of f l2.15p to the i-th factor corresponds to the 
homogeneous A-polynomial law of degree d 

SixS2^ T\{Si) ®A rl-*(^2), (si, S2) ^ si'^l ® 4"-'!, 

(which is incidentally obviously multiplicative) hence is exactly the map defined more 
generally by Roby in (RoU, §9] for any pair of A-modules {Si,S2), and which is an A- 
linear isomorphism by [Roll Thm. III. 4], which proves (i). More precisely, we showed 
that as A-algebras there is an isomorphism 

d 

(2.16) rl(5i X ^2) ^ l[r\{Si) ®^rl-^(^2). 

Note that T\{A) = A ■ ll'l ^ A for each i > 0. In particular, if 5*1 = A then (I2A6D 
shows that r^(S') ^ IliLo ■'^a('S'2) as A-algebras. Part (ii) follows then by induction. 
We show now assertion (iii). We need to prove that the A-algebra homomorphism 

rl(5) B 

defined by p factors through one of the T\{Si) 0A rl~*(52), for some i < d. The A- 
algebra homomorphism : A^ — > S, (01,02) ^ (01,02), induces natural A-algebra 
homomorphisms 

rii;):T\iA')-^T\{S), 
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for all i > 0. We can apply (12 .16^ to the diagonal algebra Ax A, and we get a commutative 
square of A-algebra homomorphisms 



n: 



whose both horizontal maps are isomorphisms (by (12.160 ). It suffices then to show that 
any A-algebra homomorphism r^(A^) — ^ B factors through one of the components 
r\{A) i^V^^^A) = A. But this follows as r^(A2) - A" is a diagonal A-algebra by part 
(ii) and because B has non nontrivial idempotent by assumption. □ 



Example 2.3. Assume that G = GiX G2, then Z{G,d) ^ ]\^^.^^Z{Gi,i) ®z'L{G2, j). 

Let R be an A-algebra. Recall that an element e G -R is said to be idempotent if 
= e, in which case 1 — e is also idempotent. The subset eRe C -R is then an A-algebra 
whose unit element is e and eRe © (1 — e)i?(l — e) is an A-subalgebra of R isomorphic to 
eRe X (1 — e)R{l — e). We say that a family of idempotents {cj} is orthogonal if CjCj = 
Hi ^ j. Let D : R — > A be a determinant of dimension d. 

Lemma 2.4. Assume that Spec(yl) is connected and let e ^ R he an idempotent. 

(1) The polynomial map De : eRe — ^ A, x ^ Y){x + 1 — e), is a determinant whose 
dimension r(e) is < d. 

(2) We have r(l — e) + r(e) = d. Moreover, the restriction o/D to the A-subalgebra 
eRe © (1 — e)i?(l — e) is the product determinant DeDi_e. 

(3) //D is Cayley-Hamilton (resp. faithful), then so is Dg. 

(4) Assume that D is Cayley-Hamilton. Then e = 1 (resp. e = 0) if and only if 
D(e) = 1 (resp. r(e) = 0). Let ei,...,es be a family of (nonzero) orthogonal 
idempotents of R. Then s < d, and we have the inequality J2i=i ^(^«) — which 
is an equality if and only i/ Ci + 62 + ■ ■ ■ + = 1. 

Proof — Set = eRe, 6*2 = (1 — e)R{l — e), and S = Si Q) S2 C R. The natural map 
X \—>- {ex, (1 — e)x) is an A-algebra isomorphism S ^ Si x 6*2. Lemma [2^2] (iii) applied 
to the restriction of D to 5 shows parts (1) and (2). 

Assume that D is faithful. Let x e ker(De), B a commutative A-algebra and y G 
R ®A B. Note that 

(2.17) eRe®AB = e{R®AB)e 

is a direct summand of R ®a B. We have (using Lemma fl. 121) 

D(l + xy) = D(l + exey) = D(l + eyex) = D(l — e + e + eyex) = De(e + eyex) = 1, 
so X G ker(D), and x = 0. 
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Assume that D is Cayley-Hamilton. If x & R, then x^i^^ ^) = 0- For x G eRe © (1 — 
e)i?(l — e), we know from part (2) that 

(2.18) x''{x,t) = x°1ex,t)x°^-=((l - e)x,t). 

For X G eRe, apply the Cayley-Hamilton identity to x and x + 1 — e. We get that 

P(X)X'^2 ^ p(a;)(a; _ 1)^2 = 

in R, where P = t) G A[t] is the characteristic polynomial of x in ei?e with 

respect to Dg. But the ideal of A[t\ generated by and {t — 1)'^^ is A[t], so P(x) = 0. 
Applying this argument to R (S>a B for all commutative A- algebra B, we get that Dg is 
Cayley-Hamilton. 

Let us show assertion (4). If = e, then xl^; e) — D(e) E Ae G R. If moreover D is 
Cayley-Hamilton and D(e) = 1, then ae = 1 in R for some a E A, thus 1 = ae = ae^ = e. 
If r(e) = 0, then D((l — e)+x) is a determinant of degree on eRe, so it is constant and 
equal to 1. But then D(l — e) = 1 and e = by the previous case. For the last property, 
set Cs+i := 1 — (ei + ■ ■ ■ + Cs). Note that r{ei) < d for each i < s + 1 and YIhXi ^i^i) = ^ 
applying part (2) r times. We conclude as r{ej) = implies ej = 0. □ 

Exercise 2.5. (Another proof or Ziplies's result [ZJJJ Let R be an Azumaya algebra of rank 
n? over A, show as follows that the reduced norm induces an isomorphism 

if : TiiR^^ ^ ^Ti"^) = ^ 

if d divides n, or vanishes else, using only Lemmas 12.21 and 11.121 (i) and (ii). Using a faithfully 
flat commutative ^-algebra C such that R C Mn{C), we may assume R = Mn{A), in 
which case N = det. Let Eij be the usual yl-basis of R and D : R — B be any homogeneous 
multiplicative Z-polynomial law of degree d (B a commutative j4-algebra). Using Lemma [22] 
and the fact that the Ei^i are conjugate under GL„(A), show that n divides d and that De : 
Ei^iA — > B is a homogeneous multiplicative A-polynomial law of degree d/n. This provides 
an ^-algebra morphism 

such that (/9 o i = id. To conclude, it is enough to check that that Dg determines D uniquely. 
Note that D(l - tEi^i) = D(l - tEi^i) = (1 - t)"'/" and for i / j, 

D(l - tE.^j) = D(l - tE.^iEij) = D(l - tEijE.^i) = 1. 
and conclude using Amitsur's formula. 

Lemma 2.6. Let D : R — > A be a Cayley-Hamilton determinant of dimension 1. Then 
R = A and D is the identity. 



Proof — By assumption x = Tr(x) = D(x) for all x G -R, so the ^-linear map 
Tr = D : i? — > A is an A-algebra isomorphism. □ 
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We now study the Jacobson radical (denoted by Rad) of an algebra with a determinant. 
Lemma 2.7. Assume that D : R — > A is Cayley- Hamilton of dimension d. 

(i) Rad(-R) is the largest two-sided ideal J C R such that D(l + J) C A*, 

(ii) ker(D) C Rad{R), 

(iii) ker(D)'^ = 0. 

Assume from now on that A is a field. 

(iv) X E R is nilpotent if and only if D(t — x) = f^. Morever, rad(-R) consists of 
nilpotent elements. 

(v) If J C R is a two-sided ideal such that J" = for some n > 1, then J C ker(D) 
(here it is not necessary to assume that D is Cayley-Hamilton) . 

Proof — By the Cayley-Hamilton identity, if x G -R, then x is invertible in R if and 
only if D(a;) is invertible in A, hence (i). Assertion (ii) follows as D(l + ker(D)) = 1. 
Let xi, . . . , Xrf G Ker(D), we want to show that xi . . .Xd = It is enough to show that 

{Xiti + X2t2 + ■■■+ XdtdY = 

in R[ti, . . . ,td]. By the Cayley-Hamilton property, it is enough to check that 

Ai{xiti + X2t2 H h Xdtd) = 0, Vz > 1. 

But this follows from Amitsur's formula. 

Assume that A = k is a field. If a; G -R is nilpotent, then l + ta; is invertible in R, hence 
D(l + tx) is invertible in k[t], so D(l + tx) = 1. The converse follows from the Cayley- 
Hamilton identity, which even shows that x'^ = 0. Assume that x G Rad(-R). For all 
y G k[x], 1 -\- yx is invertible in R, so D(l + yx) G k* and the Cayley-Hamilton identity 
implies that 1 + is actually invertible in k[x]. In particular, x G Rad(/c[x]). This 
implies that x is nilpotent as k[x] is a finite dimensional fc-algebra, hence (iv) follows. 

Let J C -R be as in (v) and x E J. If y G R[ti, . . . , we see that xy is nilpotent, so 
D(l + txy) G k[ti, . . . ,tn,t] is invertible, hence constant equal to 1, and x G ker(D). □ 

The following lemma strenghten part (iv) of the previous one. 

Lemma 2.8. Assume that k is a fi,eld and letD : R — ^ k be a determinant of dimension 
d. 

(i) If K/k is a separable algebraic extension, then the natural injection R — > R®kK 
induces isomorphisms Rad{R)®kK ^ Rad{R®kK) andkeT{D)^kK ^ ker(D®fc 
K). 

(ii) Assume that D is Cayley-Hamilton. Then ker(D) = Rad(-R). 

Proof — We first check (i). The assertion concerning the Jacobson radical is well-known. 
Moreover, the injection of the statement induces an injection (Lemma ll.181) 

ker(D) (g)^ K — ^ ker(D (g)^ K), 
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and it only remains to check its surjectivity. Enlarging K if necessary, we may assume 
that K/k is normal. Let G := Gal(_ft'/A;) acts semilinearily on R®kK. By Galois descent, 
each G-stable /T-subvector space V oi R®k K, has the form V'^ 0^ K where V"^ C -R is 
/c-vector space of fixed points. We claim that ker(D 0^ K) is G-stable. Indeed, if we let 
G act on K[ti, . . . ,ts] by cr(^^ aat"") = (j(aa)t", and then K[ti, . . . , t^] -semilinearily 
on R ®fc K[ti, . . . ,ts], then for any r E R®k K[ti, . . . , t^] we have 

D((7(r) = a{D{r)), 

from which the claim follows at once. For the same reason, we see that ker(D ®k K)'^ C 
ker(D), which concludes the proof. 

We now prove assertion (ii). We already know from Lemma [2771 (ii) that ker(D) C 
Rad(i?). By extending the scalars to a separable algebraic closure of k and part (i), we 
may assume that k is infinite. In this case (see § 11.170 . 

(2.19) ker(D) = {x E R, \/y E R, D(l + xy) = 1}. 

By Lemma 12.71 rad(i?) is a two-sided ideal of R consisting of nilpotent elements x, for 
which D(l + x) = 1, hence f l2lB implies that rad(/2) C ker(D). □ 

Example 2.9. In part (i) above it is necessary to assume that K/k is separable. Indeed, 
let be a field of characteristic p > 0, K/k a purely inseparable extension of k such that 
for some p*^-power q > 1, x'^ E k for all x E K. Then the fc-polynomial map F'^ : K — > k, 
defined by 

X ^ x'' 

for any x E K ®k B with B a commutative fc-algebra, is a determinant of dimension g, 
necessarily faithful as i^' is a field. However, K®kK is not reduced when g > 1, in which 
case ®k K is not faithful by Lemma [2771 (v). 

In what follows, A is a local ring with maximal ideal m and residue field k := A/m. 
We will denote by R the fc-algebra R®a k = R/mR, and by D the induced determinant 
D (g) : R — > k. 

Lemma 2.10. Assume that D is Cayley-Hamilton. 

(i) The kernel of the canonical surjection R — > R/kerD is rad(i?). 

(ii) lfm^ = for s > 1 an integer, then rad(i?)'^'' = 0. 

Proof — Let J be the two-sided ideal of the statement (i), we check first that J C 
rad(i?). It is enough to check that 1 + J C R*, i.e. D(l + J) E A*, but this obvious as 
D(l + J) E 1 + m by definition. In particular, mR C rad(-R), hence to check the converse 
we may (and do) assume that A = k and even that D is faithful. But then rad(-R) = 
by Lemma [278l (ii). 

Assume that m'^ = 0. Replacing R by R/mR if necessary, we may assume that 
y4 = A; is a field and we have to show that rad(i?)'^ = 0. This follows from the equality 
Rad(i?) = ker(D) and Lemma [2771 □ 
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2.11. Determinants over a field. In all this paragraph, A; is a field and R a fc-algebra. 
We fix k an algebraic closure of k, and by k^"^^ C k a separable algebraic closure of k. 

Theorem 2.12. Assume that k is algebraically closed. For any d- dimensional determi- 
nant D : R — > k, there exists a semisimple representation p : R — > Md[k) such that 
D = det op. 

Such a p is unique up to isomorphism, and keip = ker(D). 

Corollary 2.13. Let G be a group (or a unital monoid), then for any algebraically closed 
field k, X{G,d){k) is in natural bijection with the isomorphism classes of d- dimensional 
semisimple k-linear representations of G. 

Let us prove the first part of the theorem. By replacing R by R/ ker(D) if necessary, 
we may assume that D is faithful. By Lemmas 12.41 and [2.101 R satisfies the assumptions 
of the following general fact from classical noncommutative ring theoryQ 

Lemma 2.14. Let k be a field, R a k-algebra with trivial Jacobson radical, and n >1 
an integer. Assume that each element of R (resp. of R®kk^^^ ) is algebraic over k (resp. 
k^^^) of degree less than n, and that the lenght of families of orthogonal idempotents of 
R ®fc k^'^^ is also bounded by n. Then 

s 

i=l 

where Ei is a division k-algebra which is finite dimensional over its center ki. Moreover, 
each ki is a finite separable extension of k, unless maybe k has characteristic p > 0, in 
which case k[k1] is separable over k where q is the biggest power of p less than n. 

In particular, R is semisimple. It is finite dimensional over k in each of the following 
three cases : k is a perfect field, or k has characteristic p > and [k : k^] < oo, orp>n. 

Proof — Let A be a commutative /c-algebra such that each element of A is algebraic 
over k of degree less than n, and that the lenght of families of orthogonal idempotents 
of A is also bounded by n. If k has characteristic p > we define q as in the statement, 
and we set g = 1 else. Then we check at once that there is a fc-algebra isomorphism 

r 

A^l[A, 

i=l 

where r < n and where Ai is a field whose maximal separable /c-subextension Af is finite 
dimensional over k (with dimension < n), and satisfies A'^ C Af. These facts apply in 
particular to the center Z of R. We get moreover that dimfc(Z) < oo in the three cases 
discussed in the last assertion on the statement. 

We prove now that R is semisimple. Let M be a simple i?-module, E the division 
fc-algebra EndR(M). We claim first that M is finite dimensional over E. Indeed, by 
Jacobson's density theorem, we know that either M is finite dimensional over E and 

^^This result is presumably well-known ; it is close to some old results of Kaplanski (see (HJ Chap. 
6.3], as well as [Plj for a related use). We have learnt most of it from Rouquier |Rou^ Lemme 4.1]. 
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R — > End£;(M) ~ Ms{E°^'^) is surjective, or for each r > 1 there is a fc-subalgebra 
Sr C R and a surjective fc-algebra homomorphism Sr — > Mr{E°^^), but this second 
possibility is impossible as elements of R (hence of Sr) are algebraic over k of bounded 
degree by assumption. 

We claim now that there is only finitely many (pairwise non isomorphic) simple R- 
modules Mi, . . . , Ms, which will conclude the proof. Indeed, assuming this claim and as 
Rad(i?) = 0, there is a natural injective homomorphism 

s 

(2.20) R — u^nAEr), 

i=l 

Ei = Endij(M)j, which is surjective as the M, are pairwise non isomorphic and simple, 
hence f l2.20p is an isomorphism. It remains to check the claim. If Mi, . . . , M^ are any 
pairwise non isomorphic simple i?-modules, and Ei = Endij(Mj), the morphism f l2.20p is 
still surjective. As Rad(i?) = and R is algebraic over k, the family of orthogonal idem- 
potents of the right hand side lifts in R ( |Bkil §4, ex. 5(b)]), hence s < n by assumption, 
and we are done. 

It only remains to show that i? is a finite type Z-module. As Z®^ k^"^^ is faithfully flat 
over Z, it is enough to check that R k^'^^ is a finite type Z 0^ /c'^'^'^-module. Note that 
the fc^^'^P-algebra Ri^kk^"^^ satisfies also the assumptions of the lemma, hence is semisimple 
by what we proved till now. Moreover, its center is easily seen to be Z ®k k^^"^. By the 
Wedderburn-Artin theorem, 

t 

R^k k^'P ^l[Ma^{k,) 
i=i 

where kj is a division fc'^^P-algebra, which is moreover algebraic over k^"^^ here. The 
Jacobson-Noether theorem implies that such a division algebra is commutative, hence 
each kj is a field extension of k^"^^, which concludes the proof. □ 

Going back to the proof of Theorem 12.121 we get that R is isomorphic to a finite 
product of matrix /c-algebras, 

s 
i=l 

In particular, fixing such a /c-algebra isomorphism, D appears as a determinant of such an 
algebra. By Lemma [2?2] (Spec(fc) is certainly connected), there are unique determinants 
Dj : Mriiik) — > k, say of dimension di, such that D is the product of the Dj and 
d = Y^idi- 

Lemma 2.15. // D : Mn{k) — > k is a determinant of dimension d, then d = mn is 
divisible by n and and D is the m^^ -power of the usual determinant (here k is actually 
any commutative ring, and {Mn{k), det) can be replaced by any Azumaya algebra equipped 
with its reduced norm). 



30 



GAETAN CHENEVIER 



Proof — Indeed, by Ziplies theorem |Zll Thm. 3.17] (or Ex. 12.5^ . any such determinant 
is a composition of the usual determinant with a multiplicative ^-polynomial law k — > k. 
It is clear that any such law is of the form x ^ x"^ for some integer m > 0. □ 

As a conclusion, we may write di = miUi, and if Mi is the simple module of R 
corresponding to M„;(/c), then D is the determinant of the semisimple representation 
©|=]^M™\ As a semisimple representation is well known to be uniquely determined by 
its characteristic polynomials (Brauer-Nesbitt's theorem), this representation is unique 
up to isomorphism. As p is obviously injective, the second assertion on kerp follows. 
This concludes the proof of Theorem 12. 12[ 

We now investigate the case of a general field k, starting with the following useful 
observations. 

Let i^' be a field extension of k and denote hj k' C K the maximal separable k- 
subextension of K. Assume that k' is finite over k. If p := char(A;) > assume also that 
there exists a finite power g of p such that K'^ C k'. We define the exponent (/, q) G 
of K/k hy f = [k' : k], q = 1 if K = k' , and q is the smallest power of p = char(A;) > 
as above ii K k'. 

Let be a central simple i^-algebra with rank over K and reduced norm N : 
S — > K, let Nk'/k '■ k' — ^ k be the usual norm (i.e. the determinant of the regular 
/^-representation) and F'^ : K — > k the g*'^-Frobenius law (see Ex. 12. 9p . Then we have 
a natural determinant 

detg : S — > k 

of dimension nqf defined by det^ = N^i o F'^ o N. 

Theorem 2.16. Let D : R — > k be a determinant of dimension d. Then as a k- algebra 

s 

R/kei{D)^l[S, 

1=1 

where Si is a simple k-algebra which is of finite dimension nf over its center ki, and 
where ki/k has a finite exponent {fi,qi). 

Moreover, under such an isomorphism, D coincides with the product determinant 

s 

D = ]^det5,'^% d = y^miUiqifi, 

i=l i 

where rrii are some uniquely determined integers. 

In particular, Rj ker(D) is semisimple. It is finite dimensional over k if and only if 
each ki is. This always occurs in each of the following three cases : k is perfect, or k has 
characteristic p > and [k : /c^] < oo, or d < p. 

By Lemmas 12.81 (i) and 12.141 it only remains to show the following lemma. 

Lemma 2.17. Let K/k be a field extension with finite exponent {f,q) and S a central 
simple K-algebra which is finite dimensional over K. Then any determinant S — > k 
has the form det^ for some unique integer m > 0. 
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Proof — Let D : S — > k he a determinant of dimension d and := dimxiS). Note 
that if D = det™ , then we have by homogeneity d = fmnq thus m is unique if it exists. 
Moreover, note that by Prop. 11.61 if two determinants Di,D2 : R — > A of dimension 
d are such that Di ®a B = D2 B for some commutative A-algebra B with A ^ B 
injective, then Di = D2. We will apply this below when _B is a field extension of a field 
A. 

Assume first that k is separably closed (hence so is K); by the Noether-Jacobson 
theorem S Mn{K) for some n > \. Set A := K ®k K and consider the kernel / of 
natural split surjection A — > K; I is generated as A-module by the x<S)l — l<S)x, which are 
nilpotent of index < q, thus any finite type A-submodule of / is nilpotent. Lemma [2771 
(iv) implies then that any determinant M„(y4) — > K factors through vr : M„(y4) 
Mn{A/I) = Mn{K). Applying this to D 0^ we get a determinant Mn{K) — > K, 
which is an integral power of the usual determinant by Lemma [275l say D<S)kK = det^ oyr 
and d = ns. A necessary condition is that det''(M„(i^')) C k, which implies that q divides 
s. In particular, there is a unique possibility for D 0^ K, hence applying this again to 
D' = det^'''^, the remark above shows that D = det^'''^. 

We now reduce to the previous case. We have 

/ 

i=l 

where Ki = K.k^^^ is a separable algebraic closure of K such that Kf C /c^^p (and q 
is still minimal for that property), and where Gal{k^'^^ / k) permutes transitively the Ki. 
Moreover, 

/ 

S ®fe A;^^P = S(^K{K®k k'^'P) ^ Yl Si, 

i=l 

and Si = S®KKi is central simple of rank over K^. By Lemma [2?2] (iii). each D^kk^"^^ 
is a product of determinants Si — > Mn{Ki) — > k^^^, which have the form det™.' by the 

previous step and d = n(^(^-^^mi). As D 0k k^°^ is Gal(fc'^'^P/A;)-equivariant, this implies 
that m := rui is independent of i, thus m = d/nf. In particular, there is a unique 
possibility for D 0k k'^''^ and thus D = det^ • □ 



Definition-Proposition 2.18. Let D : R — > A; be a determinant of dimension d. We 
say that D is absolutely irreducible if one of the following equivalent properties is satisfied: 

(i) The unique semisimple representation R — > Md{k) with determinant D (which 
exists by Theorem I2.12p is irreducible, 

(ii) (R 0k fc)/ ker(D 0k k) ^ Md(k), 

(iii) i?/ker(D) is a central simple fc-algebra of rank d"^, 

(iv) i?/CH(D) is a central simple /c-algebra of rank d"^, 
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(v) for some (resp. all) subset X (Z R generating i? as a fc-vector space, there exists 
xi,X2, . ■ . ,Xd2 G X such that the abstract (f x cP matrix {Ai{xiXj))i j belongs to 

If they are satisfied, then CH(D) = ker(D) = {x e R,'^y e R,Ai{xy) = 0}. 

Proof — It is clear that (ii) implies (i). \i p : R ®k k — > Mdik) is as in (i), then 
a standard result of Wedderburn asserts that p surjective, and we check at once that 
ker(/9) C ker(D ®k k), hence (ii) follows by Theorem 12.161 and (v) (for any X) is the 
nondegeneracy of the trace on M^ik). If (v) holds for some X, we see that 

dim^ {{R ®k A;)/ ker(D ®k k)) > 

hence (v) implies (ii) by Theorem I2.16[ So far, we showed that (i), (ii) and (v) are 
equivalent. 

By Lemma [2771 the natural surjective map i?/CH(D) — > i?/ker(D) has a nilpotent 
Kernel, hence a standard argument shows that (iii) <S=^ (iv) and that if they hold this 
map is an isomorphism. As the formation of i?/CH(D) commutes with arbitrary base 
changes (hence with — > fc), and as a /c-algebra E is central simple of rank dP if and 
only E ®kk has this property over k, then (iv) (ii). □ 

Let us give some more definitions. 

Definition 2.19. We say that D : R — > k is multiplicity free if D<^kk is the determinant 
of a direct sum of pairwise non-isomorphic absolutely irreducible fc-linear representations 
of R. In the notations of Theorem 12.161 it means that mj = = 1 for each i. 

We say that D is split if it is the determinant of a representation R — > Mdik). 
Equivalenty, D is split if and only if R/ ker(D) is a finite product of matrix algebras over 
k. 

We leave as an exercise to the reader to check the equivalences in the definition above. 
Moreover, we see easily that D : R — > k is split and absolutely irreducible (resp. 
multiplicity free) if, and only if, D is the determinant of a surjective ^-representation 
R — > Md{k) (resp. of a direct sum of pair- wise non isomorphic absolutely irreducible 
representations of R defined over k) . 

Example 2.20. (The absolute irreducible locus) Let G be group (or a unital monoid) 
and d > 1 an integer. If x G X{G, d), we say that x is absolutely irreducible if the induced 
determinant /c(a;)[G] — > k{x) has this property, where k{x) is the residue field at x. Let 

X{G,dy'' c X{G,d) 

be the subset of absolutely irreducible points. It is a Zariski open subset. Indeed, for 
each sequence of elements g = {gi, . . . , gdz) G G'^^ , consider the abstract d"^ x d"^ matrix 

rUg = (Tiig^gj)) e Md^iZiG^d)), 
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where Tr = Ai is the trace of the universal determinant of G of dimension and define 
/ C Z(G, d) as the ideal generated by the det(mg) when g varies in all the sequences as 
above. Then X(G, df = X{G, d) - V{I) by Def.-Prop. EEl hence the claim. 

2.21. Determinants over henselian local rings. We now study the determinants 
D : R — > A where A is a local ring. We shall use the notations of Lemma 12.101 
Let D : R — > A be a determinant of dimension c?, we call D : R — > k the residual 
determinant. 

Theorem 2.22. Assume that D is Cayley- Hamilton and that A is henselian. 

(i) // D is split and absolutely irreducible, then there is an A-algebra isomorphism 

p:R^ M,{A) 

such that D = det op. 

(ii) More generally, if D is split and multiplicity free, then {R, Tr) is a generalized 
matrix algebra in the sense of |BCl §1.3]. 

Proof — The proof is almost verbatim the same as in |BCl Lemma 1.4.3], replacing the 
appeals to |BCl Lemma 1.2.5] and |BCl Lemma 1.2.7] by the ones of § 12.11 so we will be 
a bit sketchy. 

By assumption, we have an isomorphism 

s 

(^:i?/ker(D)^ J]M„,(fc) 

i=l 

such that D = det o{p and J2i=i ^« — ^- Call Dj the determinant of the representation 
R — ^ Mn,{k) on the i*^ factor, so D = HLi D*. 

Assume first that we are in case (i), i.e. s = 1. As i? is integral over A, A is henselian, 
and rad(i?) = ker D by Lemma 12.101 we may find some elements Ei^j G R such that 
EijEk^i = Sj^kEi^i lifting the usual basis of Md{k) (see |Bkil chap. Ill, §4, exercice 5]). Set 
Bj = Ei^i. Lemma EH] shows that Dg^ : CiRci — > A is a Cayley-Hamilton determinant. 
Its dimension is the integer r (ci) such that f^^'^ = De^(tei) = D(l - + tCi) G A[t]. 
Projecting this equality in k[t] we get that 

= ^(1 - e- + te-) = t G k[t] 

so r(ej) = 1. By Lemma [2?4l again, Ci + ■ ■ ■ + e<j = 1 and De- : CiRci — > A is Cayley- 
Hamilton of dimension 1, so CiRci = Aci is free of rank 1 over A by Lemma 12.61 
But we if a; G CiRej, then x = Eij{ejEj^ix) G AEij and we check at once that 
R = ®i,jAEij ~ M(i{A), in which case D necessarily coincides with the usual deter- 
minant by Ziplies'theorem. 

Assume now that we are in case (ii). Let us lift the family of central orthogonal 
idempotents of lenght s of i?/ker(D) to a family of orthogonal idempotents ei + - ■ ■+es = 1 
in R. Arguing as above we see again that De- : CiRci — > A is a Cayley-Hamilton 
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determinant of dimension n^, which is residually split and absolutely irreducible. By (i) 
we get that CiRei ~ Md.(A), and it is immediate to check that i? is a generalized matrix 
algebra whose trace coincides with the trace of D. □ 

We get in particular the following nice corollary (see §1.22l) . 
Corollary 2.23. Let G be a group (or a unital monoid). 

(i) Ower X(G, c?)'", the Cayley- Hamilton Ox-algebra lZ{G,d) is an Azumaya Ox- 
algebra of rank equipped with its reduced norm. 

(ii) For each split x G X{G, r)""'", the pro-artinian completion of O^ is canonically 
isomorphic to the usual deformation ring of the associated absolutely irreducible 
representation G — ^ Qhdik^x)) (see e.g. [Mjj. 

Proof — Let x G X(G,(i)'" and A the strict henselianization of Ox- Recall that the 
formation of the Cayley-Hamilton quotient commutes with arbitrary base change. In 
particular, 

R{G, d) 0^G,d) A ^ A[G]/CH(D" ® A). 
Theorem 12.221 (i) shows that the A-algebra on the right side is isomorphic to Mrf2 (A) , 
thus R{G, d) ®z{G4) is an Azumaya algebra of rank d^ as O^ — ^ A is faithfully flat. 
Part (i) follows then from the following abstract result, a variant of which is implicitely 
used in |Roul Thm. 5.1] Let C be a commutative ring, > 1 an integer, and R a 
C-algebra. Assume that for all x G Spec(C), then R^ is Azumaya of rank ci^ over Gx, 
then R is an Azumaya C-algebra (locally free) of rank d^. 

Part (ii) follows at once from Theorem 12.221 (i) , which moreover identifles canonically 
the universal representation to the natural map G — > {R{G,d) ®z(G,d) Ox)*. □ 

2.24. Determinants over A[e]. Let us flx a commutative ring A and a determinant 
Dq : R — > A of dimension d. Consider the A-algebra A[e] with = ; if M is an 
A-module we will write more generally M [e] for M 0^ A[e]. 

We are interested in the set of determinants D : R[e] — > A[e] lifting Dq, i.e. such that 
D ig)A A[e] = Dq. Via the identiflcation Mj^iR, A[e]) ^ Mj^^^^{R[e], A[e\), it coincides 
with the set T of (i-homogeneous multiplicative A-polynomial laws P : R — > A[e] 

which map to Dq via the A-algebra homomorphism vr : A[e] A. In other words, 
r = {7r*)-\Do) where 

vr* : Hom^„,lg(^l(i^)-^ A[e]) Hom^_,lg(^l(i^)^^ A), f^nof. 

This expression makes T appear as a relative tangent space, thus T carries a natural 
structure of A-module in the usual way. 

Recall that we have a natural A-module isomorphism 

ViiR, A[e]) ^ ViiR, Af, P ^ {Pq, P,),P = Pq + eP^, 



We are grateful to R. Rouquier for providing us a proof of this result. 
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and any P & T writes by definition as 

P = Do + eA 

for some A e V'i{R,A). 

Proposition 2.25. The map P A above induces an A-module isomorphism between T 
and the A-submodule of elements 5 ofV'i{R, A) such that for any commutative A-algebra 
B and any x,y E R B , 

S{xy) = Do{x)S{y) + Do{y)S{x). 
Proof — Immediate from the definitions. □ 

As in the case of determinants, the polynomial map A (associated to some P e T) 
satisfies a number of polynomial identities. For example A(l) = 0, A{xy) — A{yx), and 
A satisfies a variant of Amitsur's formula. 

In what follows, an important role will be played by the two-sided ideal 

I := ker(P)o) C R. 
The main reason for this are the following lemmas. 

Lemma 2.26. For any P eT, P'^ C ker(P). In other words, T C Vi{ R/P'^ , A). 

Proof — Let P E T and D : R[e] — > A[e] the associated determinant. We check at 
once that via the natural injection R — ^ we have 

ker(P) = Pnker(P'), 

so it suffices to show that P'^ C ker^D). 

Consider the polynomial maps Aj associated to D. For r G / C R[e], we have by 
assumption A*(r) e eA for all i > 1. In particular, for ri, . . . , e /, Amitsur's relation 
shows that for i > 1, A*(riii + • — h rdtd) £ eA[ti, . . . ,td], hence 

(riii + • • • + ratdY G e (P[e]/CH(D)) [t,, . . . , t^]. 

In particular, rir2 . . . e e {R[e]/CB.{D)) so the image of Z^'' in R[e]/CB.{D) is zero. As 
a consequence, C CH(P)) C ker(P)), and we are done. □ 

The next lemma is well-known. 
Lemma 2.27. There is a natural A-module isomorphism 

RomR{I/P,R/I) ^ Ext^(P//,P//). 

(The Hom and Ext above are understood in the category of (left) P-modules.) 

Proof — Apply Homi^(— , R/I) to the exact sequence of P-modules 

— >I — > R — >R/I — ^ 0, 
and use that Ext]^{R, — ) = 0. □ 



36 



GAETAN CHENEVIER 



Let US study now a more specific example where those concepts apply. Assume that 
A = k is a field, and that S := R/ 1 is a finite dimensional semisimple /c-algebra. Recall 
that by Theorem 12.161 this is always the case if k is perfect, or if char(A;) = p > 
and [k : kP] < oo, or if d < p. Let Mi,...,Mr denote the simple S'-modules and 
M := ©Li^r. 

Proposition 2.28. //Ext)j(M, M) is finite dimensional over k, then so is T. 

Proof — For any semisimple ring the left S'-module S" is a finite direct sum of 
simple modules, hence Ext]j.(S', S) is a finite dimensional fc-vector space by assumption. 
As a consequence, the S'-module Hom5'(J/J^, S") is also finite dimensional over k by 
Lemma [2. 271 which implies that I /P has a finite lenght as S'-module as S is semisimple, 
hence dim^ I /P < oo. But then R/P'^ is also finite dimensional over k and we are done 
by Lemma ElSni □ 

Assume moreover that R = k[G] and say that k is perfect. Let p : G — > GLd{k) 
denote the unique semisimple representation of G such that det(l — tp{g j) = Dq{1 — tg) 
forall g E G (Thm. I2.12p . the assumption in the proposition is equivalent to 

dim^rif ""^(G, ad(p)) < oo, 

which generalizes a well-known result in the case p is irreducible (see the remark below). 

Remark 2.29. The arguments above actually give an explicit majoration for dim^T, 
which is however very bad in general^ For example, when p is defined over k (say) 
and irreducible. Theorem 12.221 and a standard argument give a natural identification 
T H^{G,ad{p)), which is much finer than what we got by the previous analysis. 
When p is defined over k and multiplicity free (and in the context of pseudocharacters) , 
this space T has recently been studied by Bellaiche [Bj. 

2.30. Continuous determinants. For later use we shall need to study a variant of the 
notions we have studied till now taking care of some topology. 

Assume that G is a topological group and that A is a topological ring. A determinant 
D : — > A (or, which is the same, a homogeneous multiplicative C-polynomial law 
C[G] — > A for any subring C C A) is said continuou^ if for each n > 1 and a G /„, 
-qH . Qn — ^ A is a continuous map. By Amitsur's formula, D is continuous if, and 
only if, Aj : G — ^ A is continuous for all i < d (same argument as in the proof of 
Lemma ll.l4p . 

Example 2.31. (Restriction to a dense subgroup) Assume that if C G is a dense 
subgroup, then a continuous determinant on G is uniquely determined by its restriction 
to H. Indeed, if two such determinants Di and D2 coincide on then for each a E In 

"^^It could actually be improved by studing more carefully the successive restrictions of elements of 
T to the subspaces /p''- but still the general bound would be rather bad. 

^^When A*ClA\s. not an open subset of A, it might be necessary in applications to slightly modify 
this notion of continuity. 
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the continuous maps D'f* , D2 : — > A coincide on if", hence on the whole of G", so 
Di = D2. 

Example 2.32. (Glueing determinants) In some applications to number theory, we 
are in the following situation. Let G be a compact topological group, A and {Ai,i G /} 
topological rings with A compact, l : A — > Hj^i ^ continuous injective map, Dj : 
Ai[G] — > Ai a continuous determinant on G of dimension d. We assume that for 
each (7 in a dense subset X d G, {Xiid^t)) ^ (of course XiiQ^t) denotes here the 
characteristic polynomial of g with respect to Dj). We claim that there is a continuous 
determinant D : A[G] — > A such that Dj = D <S)a Ai for each i. Indeed, set C* = Hi 
and consider the map ip '■ G — > C[t], g 1-^ By assumption, ip{X) C A[t]. As 

A is compact, l{A) is a closed subspace of C homeomorphic to A, hence ip{G) C A[t] for 
X is dense in G and the Dj are continuous. The claim follows then from Corollary 11.141 
and the dicussion above. 

From now on, we equip A, as well as all the commutative A-algebras B, with the 
discrete topology, and we assume that G is a profinite group. In this context, a 5-valued 
determinant D on G is continuous if, and only if, the characteristic polynomal map 

G^B[tl g^D{l + tg) 

factors through G t— > GjH for some normal open subgroup H of G. 

This leads us to define for each normal open subgroup H C G the two-sided ideal of 
A[G] 

J{H) := ker (a[G] ^ A[G/H]^ 

and to equip A[G] with the topology defined by this filtered set of ideals. 

Lemma 2.33. A B-valued determinant D onG, viewed as an element P G A^^(A[G], B), 
is continuous if, and only if, ker(P) C A[G] is open (that is, contains some J{H)). 
If it is the case, then the natural representation 

G — > {B[G]/keT{D)y 

factors through a finite quotient G/H of G for some open subgroup H. 

Proof — If ker(P) D J{H), then P factors through an element of M'^{A[G/H], B) 
hence D is obviously continuous. Assume conversely that D is continuous. As B is 
discrete and G profinite, there is an open normal subgroup H C G such that all the 
Aj : G — > B factor through G/H. As a consequence, Amitsur's formula shows that for 
g E G and h E H, 

D{t{g -gh) + Y, U9i) = DiY, ti9i) 

i i 

SO g — gh E ker(P), and J{H) = J2geG heH ^di^ ~ ^) ker(P). The last assertion is 
obvious. □ 
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Example 2.34. Assume that A = k is a field and consider the (unique) semisimple 
representation 

such that det(l + tp{g)) = D{1 + tg) for all ^ G G (see Thm. [2ll2]). Equip GLrf(fc) with 
the discrete topology. Then p is continuous if, and only if, D is continuous. 

We end by discussing continuous deformations of a continuous determinant. We adopt 
the notations of § 12.241 with R = A[G] as above and with Dq a continuous determinant 
A[G] — > A of dimension d. Consider the A-submodule 

T= C T 

of continuous liftings of Dq. This A-module writes 

H 

where H varies in the set of all normal open subgroups of G such that ker(Do) ^ 
and where is defined as the subset of liftings P such that ker(P) D J{H). 

Assume now that A = k and that k[G]/ kei^Do) is finite dimensional over k (see l2.16p . 
and let p : G — > GLd{k) be the continuous representation associated to Dq as in 
Example 12.341 above. The following result is a variant of Prop. 12.281 

Proposition 2.35. The continous cohomology group H^{G,ad{p)) is finite dimensional 
over k, then is finite dimensional over k. 

Proof — It is enough to show that dim^ is bounded independently of the normal 
open subgroup H such that J{H) C I := kei^Do). Fix such an H. By Lemma [2.261 

T"" cvtikiGyii'^ + jm^k), 

so it is enough to show that dimk{k[G]/ {P'^ + J{H))) is bounded independently of H. 
As J{H) C /, we have for each n > 1 a natural fc-linear surjection 

(//(/' + J(i7)))®'=" — . (/" + J{H))/{r+^ + J{H)), 

hence it is enough to show that dimfc(//(J^ + J{H))) is bounded independently of H 
(recall that k[G]/I is finite dimensional). As k[G]/I is a semisimple fc-algebra, it is then 
enough to show that 

dimfc (Homfc[G] (//(/' + J{H)), k[G]/I)) 
is bounded independently of H. But by Lemma [2.271 

Hom,[G](//(/' + J{H)), k[G]/I) ^ Y.^i\a/H]{k[G]/I. mi I) 

and this latter space is naturally a subvector space of the space of continuous G- 
extensions of k[G]/I by itself, which does not depend on if, and which is finite di- 
mensional by assumption. 

□ 
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2.36. A finiteness result. We end this paragraph by the following interesting finiteness 
result, which follows from works of Donkin [D], Seshadri p] and Vaccarino |V1| (we shall 
not use this result, however). 

Proposition 2.37. Assume that R is finitely generated as A-algehra and let d > 1 be 

an integer, then Tj^{R)'^^ is a finite type A-algehra. 

Proof — Let X be a finite set and Z{X} the free ring on X, and set m = |X|. By 
assumption there is a surjective A-algebra homomorphism 

^{X} := A®z Z{X} — >R, 

hence a surjective A-algebra homomorphism V\{A{X}Y'^ — > V\{RY^ ^ so we may as- 
sume that R = A{X}. As r;^(v4{X})^'" is canonically isomorphic to A ® r^{Z{X}y'°, 
we may also assume that A = Z. 

Let B = Fx{d) as in § II. 101 be the coordinate ring of over Z and C B the ring 
of invariant elements under the componentwise conjugacy of H := GLd(Z). Recall that 
we have a natural ring homomorphism 

sending a; G X to the matrix {xij)ij, and that Ex{d) C B is the subring generated by the 
coefficients of the characteristic polynomials of the elements of p^^"{Z{X}). Clearly we 
have Ex{d) C B^ and a theorem of S. Donkin ([Dl Thm. 1 and §3]) shows that Ex{d) = 
B^ . As GLrf/Z is reductive (and in particular reduced), and as H — > PGLn(C) has a 
Zariski-dense image, a general result of Seshadri [S], Thm. 2] implies that Ex{d) = B^ 
is a finite type Z-algebra. By the result of Vaccarino (Thm. 11.151) recalled in § 11.101 
r|(Z{X}) ^ Ex(t^), and we are done. □ 



Corollary 2.38. Assume that G is finitely generated and fix d> 1. 

(i) Z(G, d) is a finite type Z-algebra, 

(ii) There exists a finite set X C G such that for each commutative ring A and any 
two d-dimensional determinants Di,D2 : A[G] — > A, then Di = D2 if and only 
Sx^'{x,t) = x"''{x,t) for allxe X. 

Proof — Part (i) is a special case of the proposition and part (ii) follows from part 
(i) and Amitsur's formula (see Lemma ri.l4l) : Ex{d) is generated as Z-algebra by the 
coefficients of the t) for 9 ^ G. □ 



Of course, x^(a;, T) denotes here the characteristic polynomial of x with respect to D. 
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3. The universal rigid-analytic families of pseudocharacters of a 

profinite group 

In this section, G is a profinite groupEl, p is a fixed prime number and ci > 1 is an 
integer. 

3.1. The deformation space of a given residual determinant. Let A; be a finite 
field of characteristic p equipped with its discrete topology and 

D : k[G] — > k 

a continuous determinant of dimension d. Recall that by Theorem 12.121 (and Exam- 
ple EIHll), it is equivalent to give such a determinant and (the isomorphism class of) a 
continuous semisimple representation 

p:G-^ GL,(k) 

such that det(l + tp{g)) G k[t] for all g E G, the relation being then D(x) = det(p(x)) 
for all X e k[G]. 

Let W{k) be the ring of Witt vectors of k. Let C be the category whose objects are the 
local (/c)-algebras which are finite (as a set) and with residue field isomorphic to k, and 
whose morphisms are iy(/c)-algebra homomorphisms. If A G Ob(C), we will denote by 
tua its maximal ideal. The given map W{k) — > A induces then a canonical isomorphism 
k A/niA, and we shall always identify A/uia with k using this isomorphism. We shall 
always equip such an A with the discrete topology. Moreover any arrow A — > A' is 
local, i.e. sends into uia', and is continuous. We define a covariant functor 

F -.C — ^ Ens 

as follows. For an object A, define F{A) as the set of continuous homogeneous mul- 
tiplicative iy(/c)-polynomial laws P : W^(A;)[G'] — *• A of degree d (or equivalently, of 
continuous A- valued determinant D : A[G] — > A of dimension d), such that P®Ak = D 
(see §2.30p . If l : A — > A' is an arrow in C, and P G F{A), then we check immediately 
that t o P G F{A'), which makes F a functor. 

Let us extend the functor F a little bit. Consider more generally the category C 
whose objets are the profinitS local Vr(/c)-algebras A with residue field k, and whose 
morphisms are the local continuous Vr(/c)-algebra homomorphisms. Denote by F'{A) the 
set of continuous homogeneous multiplicative Vr(/c)-polynomial laws P : l^(/c)[G'] — > A 
of degree d such that P ^a k = D (here A ^ k is the natural W {k)-a\gehia morphism). 
As before, F' : C ^ Ens is a covariant functor ; it coincides by definition with F over the 
full subcategory C of C It turns out that F' coincides with the natural pro-extension of 
F. 



The methods of this section could easily be extended to study more general topological groups, as 
locally profinite ones. 

^"^By this we shall always mean a directed projective limit of finite rings with surjective transition 
maps. 
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Lemma 3.2. If A ^ projliiiijAj is a projective limit in C , then the natural map 
F\A) — > proj liiiij F'(y4i) is a bijection. 

Proof — If i? is any A-algebra, the functor Aij^^R, — ) from ^-algebras to sets is 
representable, hence commutes with any projective hmit. As a map G — > proj Um^ Ai is 
continuous if and only if each coordinate map G ^ A^ is continuous, we get the lemma. 
□ 

Proposition 3.3. The functor F' is representable. 

This means that there is a profinite local l^(A;)-algebra A{p) with residue field k, and 
a determinant 

Dip):Wik)[G]^Aip), 

such that for any A G Ob(C) and D G F{A), there is a unique continuous Vr(A;)-algebra 
homomorphism ipa : A{p) — > A such that D(p) ®<^^ A = D. Such a pair (A(p),D(p)) 
is unique, if exists. 

Proof — Let us show the existence. Consider the W {k)-a\gehTa 

B = Ti,^,){W{k)[G]r'^ = W{k) ®^ ^^(Z[G])^^ 

the universal multiplicative polynomial law P" : — > B, and let ip : B — > k be 
the iy(A;)-algebra homomorphism corresponding to D. Say that an ideal I C B is open 
if / C ker(^), B/I is a finite local ring and if the induced multiplicative polynomial law 
Pj : iy(/i;)[G'] — > B/I obtained as the composition of P with B B/I is continuous. 
If / and J are open, then so is / fl J, as B/{I fl J) — > B/I x B/ J is injective, and a 
homeomorphism onto its image (!), so those ideals define a topology on B. Set 

A{p) := proj limi?// 

/open 

and consider the law -P(p) = l o P : W{k)[G] — > A{p) where l : B — > ^(p) is the 
canonical map. Then A{p) is an object of C and 

P{p) = (Pi) G F'{A{p)) = projlimF(5//) 

/ 

by the previous lemma. 

If A is an object of C and P G -^(^4), then by Prop. 11.61 there is a unique W{k)- 
algebra homomorphism (p : B — > A such that P = (p o P^ and (p mod is ip, hence 
ker(0) C keii^ip). But i?/ker(0) C A is necessarily finite local, and the continuity of P 
implies that ker(0) is open, and we are done by Lemma [X2l □ 

Example 3.4. If we assume that p is absolutely irreducible and (say) defined over k, 
then F is canonically isomorphic with with the usual deformation functor of p defined 
by Mazur in [M], by Theorem EIM 

Remark 3.5. By construction, A{p) is topologically generated by the A^{g) for g E G 
and i > 1. 
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Recall that for a profinite local W^(A;)-algebra B, say with maximal ideal m and residue 
field k, the following properties are equivalent : 

(i) there is a continuous W^(fc)-algebra surjection ■ ■ ■ ,th]] — > B, 

(ii) B is noetherian, 

(iii) dimfc(m/m^) < oo, 

As is well known, the tangent space F{k[e]) has a natural structure of /c-vector space, 
and actually F{k[e]) = Homfc(m^(p)/m^(^-^, fc). This leads us to consider the following 
equivalent hypotheses, that we will denote by C{p) : 

(a) diiRk F{k[e]) < oo, 

(b) A{p) is topologically of finite type as 14^(A;)-algebra. 

As an immediate consequence of Corollary 12.381 (ii) and Example 12.301 C(p) holds if 
G is topologically of finite type. Actually, the following stronger result holds. 

Proposition 3.6. If the continuous cohomolgy group H^{G, ad(p)) is finite dimensional, 
then C{p) holds. 

Proof — As is perfect, this follows from Prop. 12.351 □ 

We check easily that for a given G, iJ^(G', ad(p)) is finite dimensional for any contin- 
uous semisimple representation G — ^ GLm(Fp) (for any m) if and only if the following 
reasonnable condition is satisfied : 

(F) For any open subgroup H C G, there is only finitely many continuous group 

homomorphisms H — > Z/pZ. 

Example 3.7. (F) is satisfied if G is the absolute Galois group of a local field of char- 
acteristic or if G = Ga].{Ks/K) with K a number field, 5* a finite set of places of K 
and Ks a maximal algebraic extension of K which is unramified outside S (by classfield 
theory and a result of Hermite). The condition (F) is not satisfied when G = (Z/pZ)^. 

Assume that C{p) is satisfied, and consider the affine formal scheme 

X{p) := Spf(A(p)) 

over Spf^W^k)), as well as the rigid analytic space 

Xip) ■.= Xip)[l/p] 

attached to X{p) by Berthelot. Our next aim is to describe the functors that those 
two spaces represent. More generally, we will identify them as component parts of the 
universal formal (resp. rigid analytic) determinant of dimension d. 

3.8. Formal and rigid analytic determinants. 
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3.8.1. The formal scheme of continuous determinants. We refer to |EGAl Ch. §7, Ch. 
1 §10] for the basics of topological rings and formal schemes. 

Let us consider Zp as a topological ring, equipped with the p-adic topology. We 
denote by the category whose objects are the admissible topological rings A equipped 
with a continuous homomorphism Zp — > A, and whose morphisms are continuous ring 
homomorphisms. Recall that the admissibility of A means that there is a topological 
isomorphism 

A ^ limAx 

where the limit is taken over a directed ordered set S with minimal element 0, A;^ is a 
discrete ring, and each Ax Aq is surjective with nilpotent kernel. 

An object A is said topologically of finite type over Zp, if it is a quotient of the topo- 
logical rin^ 

Zp[[ti, . . .,ts]]{Xi, ...,Xr) 

(for some s and r) equipped with its J-adic topology defined by / = {ti, . . . ,ts,p). 
Actually, we would not lose much in restricting to the full subcategory of such objects 
of JF but it is unnecessary. 

Lemma 3.9. Let A be an object of T and let D : A[G] — > A be a continuous determi- 
nant. Denote by B C A the closure of the Xp- algebra generated by the Ai{g) for g & G 
and i > 1. 

(i) B is an admissible pro finite subring of A. In particular, it is finite product of 
local Zip- algebras. 

(ii) Assume moreover that l : A — ^ A' is a continuous Zp-algebra homomorphism 
and let D' : A'[G] — > A' be the induced determinant and B' C A' the ring 
associated as above. Then l induces a continuous surjection B — > B' . 

Proof — Assume first that A is discrete, in which case the assumption reads p^A = for 
some integer n > 1. Let P : (Z/p"Z)[G'] — > A the continuous multiplicative polynomial 
law associated to D. By Lemma [2.331 P factors through (Z/p"Z)[G/if] for some normal 
open subgroup H d G. But r^/p„2((Z/p"Z)[G'/if]) is a finite ring as G/H is finite, 
hence so is the ring of the statement which is (by Amitsur's relations) the image of the 
natural ring homomorphism 

Ti/p^A{'^/p-Z)[G/H])-^A 

attached to P (and D). 

Consider now the general case. Write A ^ \\mAx as above and denote by vr^ : A ^ 

Ax the natural projection. Let P : Zp[G] — > A denote the continuous multiplicative 
polynomial law associated to Z), and Px = t^\o P. By the discrete case, the image Bx of 
B in Ax is a finite ring, hence 

B ^ limBx 



Recall that A{t) is the ^-subalgebra of A[[t]] of power series J2n ^nt" "with a„ (say A is 
admissible here). 
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is a profinite admissible Zp-subalgebra. The last part of the first statement holds obvi- 
ously for any profinite admissible ring B : the radical of B contains any ideal of definition 
of B by admissibility, hence B/iad^B) is finite as B is profinite. 

By Amitsur's relations, the ring B is the closure of the image of the natural map 

given by so the last assertion follows. □ 



Definition 3.10. We denote by \G{d)\ C Spec(r^^(Zp[G] the subset of closed points 
z with finite residue field, that we shall denote by k{z). 

For each z G 1^(^)1, there is a canonical determinant 

D,:k{z)[G]—^k{z). 

By Theorem l2.16l and Ex. 12.341 |G(c?)| is in bijection with the set of continuous semisim- 
ple representations G — > GLd(Fp) taken up to isomorphism and Frobenius actions on 
coefficients@ 

Definition 3.11. Let A, D and S C A be as in the statement of Lemma [3.91 If B is 
local, we will say that D is residually constant. 

If it is so, the radical of the kernel of the natural surjective ring homomorphism 

defines a point z G 1^(^)1 which is independent of the ideal of definition I oi B chosen 
such that Bq = B/I. The field k{z) is canonically isomorphic to the residue field of B 
and the determinant D obtained by reduction of D via B ^ k{z) coincides by definition 
with Dz : we will say that D is residually equal to D^. 

For instance, if Spec(y4) is connected then any D G E{A) is residually constant. In 
general, if D G E{A) then there is a unique finite set \D\ C 1^(^)1, a unique decomposi- 
tion A = Y[i£\D\ -^1 ^ unique collection of determinants : Ai[G] — > Ai with 
D'^ residually constant equal to Di, such that D = {D'^)i : A[G\ — > A. 

Let us define a covariant functor 

E-.r — ^ Ens 

as follows. For an object A of JF, define E{A) as the set of continuous determinants 
A[G] — > A of (fixed) dimension d, or which is the same of continuous homogeneous 
multiplicative Zp-polynomial laws Zp[G'] — > A of degree d. If 6 : A — > A' is a morphism 
in JF and P G -£'(^4) is such a law, then E{l){P) := l o P G E{A'), which makes 
E a covariant functor. For each z G define E^^A) C E{A) as the subset of 

determinants which are residually constant and equal to D^. As the formation of the 
ring B of Lemma 13^ is functorial, E^ is a subfunctor of E. 

^^This means that we identify such a representation p (whose image actually falls into some GLd{F) 
with F a finite subfield) exactly with the representations (5(Frob™ o p)Q~^ for any Q G GLc;(Fp) and 
TO > 1. 
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As a start, let us fix some z G 1^(6/)! and let : G — ^ Q\^i{k{z)) be "the" continuous 
semisimple representation such that det(l + tpz{g)) = D;,{1 + gt) for a\\ g G G (see 
Ex.EJH). 

Proposition 3.12. Assume that G{pz) holds. Then Ez is representable by an object 
A{z) of J-". This object A{z) is a local ring whose residue field is canonically isomorphic 
to k{z), moreover it is topologically of finite type overljp. Actually, the W{k{z))-algebra 
A{z) is canonically topologically isomorphic to A{pz) of Prop. \3.3[ . 

Proof — By Lemma [T9l for any object A and any P : — > A in E{A), P 
is the composite of a continuous multiplicative polynomial law P' : Zp[G'] — ^ B with 
B ^ A. If P G Ez{A), then 5 is a W {k{z))-a\gehTa in a natural way and P' extends to 
a continuous multiplicative polynomial law P" : iy(/i;(z))[G'] — > B which reduces to D^, 
thus P" G F\B) where F' is the functor defined in section ISTTl As a consequence, there 
is a unique continuous W {k{z))-a\gehva homomorphism A{pz) — ^ B corresponding to 
P" . As G{pz) holds, A{pz) is an object of which is moreover local and topologically 
of finite type over Zp. Unravelling the definitions we get the result. □ 

It is then essentially formal to deal with E rather than a given Ez. For that we need 
to extend E and the Ez to the category JFS'/Zp of all formal schemes over Spf(Zp). 

For an object X of JFS/Zp, let E{X) be the set of continuous determinants 0{X) [G] — > 
0{X) of dimension d, which makes 

E : J^S/Zp — > Ens 

a contravariant functor in the obvious way. The restriction of E to the full subcategory 
of affine formal scheme coincides with E°^p. In the same way, define a subfunctor Ez C E 
where Ez{X) C E{X) is the subset of elements D such that for any open affine U C X, 
the image of D in E{U) = E{0{U)) belongs to Ez{0{U)). If Spf(A) = J. is an affine 
covering, note that an element D G E{A) belongs to Ez{A) if, and only if, its image in 
each Di belongs to Ez{0(Ui)), by Lemma [X9l In particular, the restriction of Ez to the 
full subcategory of affine formal scheme coincides with E"^"^. 

Corollary 3.13. Assume that condition (F) holds for G (see \3.1\) . Then E (resp. Ez) 
is representable by the formal scheme Y[ze\Gid)\ ^P^i^i^)) (resp. by Spi{A{z)) ). 

Proof — By definition, if is a formal scheme then the topology on 0{X) is the weakest 
topology such that the 0{X) — > 0(U) are continuous for each open affine U. From this 
we check at once as in Lemma 13.21 that E and Ez are sheaves for the Zariski topology 
on TSjljp. As Ez coincides with E°^^ on JF°pp, we have (by Prop J3.12l ) a canonical 
isomorphism Ez — * Spf(y4(2;)). The assertion on E follows then from Lemma IXOl (i). □ 
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3.13.1. Rigid analytic determinants. Let Aff be the category of affinoid Qp-algebras 
( |BGRl Ch. 6]). We define again an obvious covariant functor 

E^'^ : Aff Ens 

as follows. If A is an affinoid algebra, E^'^i^A) is the set of continuous determinants 
A[G] — > A of dimension c?, and if ip : A — > S is a Qp-algebra homomorphism (nec- 
essarily continuous) and P : Zp[G'] — > A is in then we set E^'^i^P) = ip o P. 
Remark that by Prop Jl.271 E^^{A) also coincides with the set of continuous pseudochar- 
acters G — > A of dimension d. 

Recall that for any object A of which is topologically of finite over Zp, the algebra 
A := A[l/p] is an affinoid algebra and the map A — > A is continuous and open. We say 
that ^ is a model of A. Any affinoid algebra admits at least one (and in general many) 
such model, as Qp{ti, . . . , t^) does. If ^ is a model of A we have a natural map 

ij,:E{A)^E^^{A), 

which is moreover injective if A is torsion free over Zp. If A! is another model of A and if 
we have a continuous ring homorphism A — > A', we get a natural map E{A) — > E{A'), 
whose composite with is la, so we get a natural injective map 

L : limE{A) — > E^°(yl), 

the colimit being over the (directed set of) models A of A. 

If A is affinoid, we denote hy A^ C A the subset of elements a with bounded powers 
(i.e. such that the sequence a", n > 1 is bounded in A). It is an open Zp-subalgebra, 
such that 74°[l/p] = A. When A is reduced, is a model of A (actually, the biggest 
torsion free model), but not in general (think about A = Qp[e]/(e^)). 

Lemma 3.14. Let A be an affinoid algebra and D G E^^{A). 

(i) For any g E G and any i > I, Ai{g) G A^ . 

(ii) The map l is bijective. 

(iii) When A is reduced, then E(v4°) = E^^'i^A). 

Proof — We first check (i). Recall that an element of an affinoid algebra A has bounded 
powers if and only if its image in all the residue fields A/m has norm < 1 : we may 
assume that A is a finite extension of Qp. Fix g E G ; up to replace A by a finite 
extension, we may assume that D(t — g) = ni=i(^ ~ ^i) ^ splits in A, and we have 
to show that each has norm 1. Ks D{g) E A* ^ each Xi is in A* . By Newton's relations 
(or by Theorem I2.12p . D{t — (7") = HiLil'^ " ^i) for ^ach n G Z. By the continuity 
assumption, D{t — g^^) = Ylii^ ^ goes to (t — l^ (in A'^) when n tends to in Z, and 
it is a simple exercise to conclude. 

We check (ii), it only remains to see the surjectivity of l. Let D G E^^{A) and A C A 
a model of A. Consider the compact subset K = uf^iAi{G) C A. As A is open in A, 
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K meets only finitely many of the translates of A. In particular, there exists a finite 
number of elements ki, . . . , kg E K such that 

s 

i=l 

By part (i), those ki have bounded powers, thus 

A' = A{ki,...,ks) CA 

is a model of A containing K. By Amitsur's relations, we obtain that D G Im(t_4/), hence 
(ii). Part (iii) is a consequence of (ii) and the fact that A^ is the biggest model of A 
included in A. □ 

For z G and an affinoid algebra A, let us define E^"^{A) as the colimit of the 

E^{A) with A a model of A. Equivalently, a D e E^'^iA) belongs to Sr(^) if and 
only if D = lj({D') for some model A and some D' G Ez{A). Obviously, this defines a 
subfunctor 

: Aff ^ Ens. 

of E^". Let us first give a useful alternative description of this functor. Fix an affinoid 
A and consider x G Specmax(y4), L its residue field (a finite extension of Qp), Ol = 
its ring of integers and k the residue field of C^,. We have natural maps 

— . E"°(L) = E{Ol) ^ E{k), 

hence a natural reduction map 

(3.21) Red^:^'^"(A) — ^1^(^)1. 

We check at once the following characterization of Ef^ : 
Lemma 3.15. Ef'{A) = {D e Vx G Specmax(A), Red^(L') = z}. 

Proof — The inclusion C is immediate as E^ is a functor. Conversely, let D G E^'^{A) 
belong to the set on the right. By Lemma [3.141 it comes from an element D' G E{A) 
for some model A d A. Consider the ring B d A associated to D' as in Lemma 13.91 
and write it as a product of local rings B = YYi=i ^i- In particular, A = YYi=i itself 
is a product affinoid algebras. If Xi is a closed point of Specmax(74i), with residue field 
Lj, then the kernel of the natural continuous map Bi — > OLjmo^. corresponds to z 
by assumption on D' . As the natural map r|^(Zp[G'])'^^ — *• B/i&d^B) is surjective by 
construction, B is local and D' G Ez{A). □ 

Let us denote by An the category of rigid analytic spaces over Qp ( |BGR| ). For any 
rigid space X, we endow the Qp-algebra 0{X) with the weakest topology such that all the 
Qp-algebra homomorphisms 0{X) — > 0{U)^ with U (Z X open affinoid, are continuous. 
Of course, such an 0{U) is equipped here with its usual Banach topology ; if X itself 
is affinoid then this weak topology on 0{X) coincides with its Banach topology. For a 
general X, we check at once that 0{X) is a complete topological Qp-algebra (it is even 
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a Frechet space if X is separable), and that the sheaf Ox becomes a sheaf of topological 
Qp-algebras. 

Define a contravariant functor of continuous determinants 

: An — > Ens 

as usual : for any rigid space X, let E^^{X) be the set of continuous determinants 
C(X)[G'] — > C'(X) of (fixed) dimension d. Of course, over the full subcategory of 
affinoids, E^'^ coincides by definition with the opposite of E^'^. 

For z G 1^(^)1, define : An — > Ens as the following subfunctor of E""" : E^'^iX) 
is the set of determinants such that for all closed points x E X (with residue field k^) 
the induced determinant in E^'^i^lx}) = E^^{kx) = E{Ok^) is residually equal to z. By 
Lemma [3.151 Ef^ is the opposite functor of Ef^ over the full subcategory of affinoids. 

Theorem 3.16. Assume that condition (F) holds. The functor E^^ (resp. E^^) is 
representable by a rigid analytic space X (resp X^). It is canonically isomorphic to the 
generic fiber of the formal scheme E (resp. Ez). 

Moreover, X is the disjoint union of the Xz, z G |G(rf)|, and each Xz is isomorphic 
to a closed subspace of some hz- dimensional open unit ball ^^q^, hz G N. In particular, 
X is a quasi-Stein space. 

Recall that Berthelot |Berl 0.2.6] constructed a functor J^S' /Ijp — > An, 

extending Raynaud's one, where J-'S' /Zp is the full subcategory of J-'S/Zp whose objects 
are locally topologically of finite type (see also |DJ1 Ch. 7]). The universal property of 
X"^ is given by ([DJl §7.1.7.1]) 

(3.22) lim Romps' /z,iy, X) = HomAn(F, X^''), 

y model ot r 

where Y is any affinoid. In the case we are interested in of a Spf (A) with 

A^W{k)[[t,,...M]/I, 
then Spf(A)"s is isomorphic to the closed subspace of the open unit ball of dimension h 

Spf(A)^'s C Bfo,i[ 

defined by / = 0. In particular, by Corollary 13.131 it is enough to prove the theorem 
to show that E^^ (resp. E^^) represents the generic fiber of E (resp. Ez). As those 
functors are sheaves for the rigid-analytic Grothendieck topology on An, it is enough to 
check the universal property over affinoids, in other words f l3.22p . But that follows from 
Lemma [3lll(ii), QED. 

Remark 3.17. Of course, if we are only interested in E'^^ for some z, and if C{pz) holds, 
then the same argument and Prop. [3?T2] shows that E"^^ is representable by Spf(A(z))"s. 
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4. Complements 

We keep the notations of § [3l Let us assume that condition (F) holds for G and denote 
by X the formal scheme E = U^elGCd)! Spf(^(^)) and X = X"^ = E^"". We shall also 
denote by V and D the respective universal determinants of G over X and X. 

Alternatively, we might fix some z G 1^(^)1 and assume only that C{pz) holds, in 
which case all what we say below would also apply to the restricted spaces X = E^ and 
X = X''^ = Ef". 

4.1. Completion at a point. Let us fix some (closed) point x G X, with residue field 
kx (a finite extension of Qp), and associated continuous determinant D{x) : kx[G] — > k^. 
As X represents a functor, we get a natural interpretation for the completed local ring Ox-, 
viewed as a /c^i-algebra, as pro-representing the functor F{x) of continuous deformations 
of D{x) to the category local artinian fc^^-algebras with residue field k^. 

This applies in particular when D{x) = det op(x) is absolutely irreducible and split, in 
which case this functor F{x) is canonicallv isomorphic to the usual deformation functor 
of p{x) in the sense of Mazur by [222] (i)@ 

Remark 4.2. Note that for the same reason as in Example 12.201 the locus 

X'" C X 

whose points x parameterize the absolutely irreducible D{x) is an admissible (Zariski) 
open subset. In particular, the subfunctor E^^'^" C E^^, parameterizing determinants 
D e E^^{Y) whose evaluation at each closed point of Y is absolutely irreducible, is 
representable by the rigid analytic space X^^^. 

4.3. The universal coherent Cayley-Hamilton representation. As in the discrete 
case § 11.221 the space X is equipped with a universal sheaf of Cayley-Hamilton repre- 
sentations of G, which turns out to be a coherent O^-algebra. 

4.3.1. As a preliminary step, we first show that in the formal setting, the canonical 
Cayley-Hamilton A(z)-algebra is of finite type over A{z). For that we fix some z G 1^(6?) | 
and set A := A{z) and k := k{z). For each normal open subgroup H (Z G and each open 
(=cofinite) ideal I C A, let us denote by J(/, H) the two-sided ideal of y4[G'] which is the 
kernel of the canonical surjection to the finite ring [A/ I)[G/ H]. This family of cofinite 
ideals is a basis of open neighborhoods of for a separated A-algebra topology on A[G]. 
The completion of A[G] for this topology is naturally isomorphic to 

A[[G]] :=proj limA[G/H], 

H 

the limit being taken over all normal open subgroups of G ; it is a compact separated 
y4-algebra. We shall still denote by J(/, H) the open ideal of v4[[G']] kernel of the natural 
surjection A[[G]] {A/I)[G/H]. 

^^Of course, when an absolutely irreducible D{x) is not split, but splits over L/k^, we get such an 
interpretation for the L-algebra Ox L. 
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Lemma 4.4. For each ideal I of A, (/) := is a closed (hence compact) ideal of 

with quotient ring {A/ I)[[G\\ := proj Ymifj^A/ I)[G / H]. The universal continuous 
determinant V : A[G] — > A extends to a determinant V : v4[[G']] — > A. 

Proof — Indeed, A is noetherian so (J) is of finite type over v4[[G']], hence compact. 

For the second assertion, as A = proj \\m^ A/I (over the open ideal /) it is enough to 
check that D®A/I: {A/I)[G] — > A/ 1 extends canonically to {A/I)[[G]] = A[[G]]/{I). 
But this follows from LemmaE^Sl as D^A/I factors through {A/I)[G/H] = A[[G]]/J{I, H) 
for some normal open subgroup H C G. □ 

Let CB.(V) C ^[[G]] denote the Cayley-Hamilton ideal attached to V (as defined in 
§ \rm and let CH(P) C A[[G]] he the closure of C}1{V), in other words 

(4.23) m{V) = f|(CH(P) + J(/, H)). 

I,H 

Let m C A he the maximal ideal of A, so k = A/m. 

Lemma 4.5. A[[G']]/CH(P) is a finite type A-module, and its natural topology is the 
m-adic topology. The canonical morphism G — > {A[[G]] / CIi{V))* is continuous. 

Proof — Set S := A[[G*]]/CH(r'). Let / be an open ideal of A. The closed subspaces 
(/) and CB.(V) of ^[[G]] are compact, as well as their sum (J) + C}i(V), so IS is a closed 
ideal of 5. Moreover, S is complete and separated for the m-adic topology as ^[[G]] is (it 
is even compact) and CB.(V) is closed. We claim that there is a normal open subgroup 
Hq C G such that 

(4.24) (m) + CEiV) D J{m, Ho), 

or in other words that mS is open of finite index in S. This would imply the lemma : 
by the topological Nakayama's lemma, S is then a finite type A-module, m"iS is open 
(as it is closed and of finite index), and each A-submodule of S of finite index contains 
some power of mS. The last assertion of the lemma is obvious. 

We show now (I4.24p . We will prove that there exists a normal open subgroup Hq such 
that 

(4.25) CR{V) + J{m,H) 

is independent of the normal open subgroup H C Hq. In particular, fl4.25p coincides 
with the closure (m) + CE(V) of (m) + CH(P)^hence KWi follows. 

Consider the continuous determinant D := V (g)^ k : k[[G]] — > k. By construction 
(and Lemma [2. 331) . K := ker(D) contains J(m, Hi)/{m) for some normal open subgroup 
Hi C G. Moreover, as the formation of the Cayley-Hamilton quotient commutes with 
any base change, the image of CYi{V) in fc[[G]] is G := CH(D ® k). As a consequence, 
by Lemma [2771 (iii), we obtain for H d Hi the following inclusions in k[[G]] : 

K'^ + J(m, H)(lG + J{m, H) C J(m, Hi) C K. 
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To prove (14.241) . it is then enough to show that the index of the ideal K'^ + J(m, H) C 
/c[[G]] is bounded above independently of H. Arguing as in the proof of Prop. 12.351 it is 
enough to show that the order of 

K/{K^ + J{m,H)) 

is bounded independently of H d Hi. But by the same arguments as in the proof of this 
proposition, this is true as condition (F) (hence C{p{z))) holds. □ 

The triple (A, {A[[G]]/C^{V),V), p) where p:G — > {A[[G]]/CR{V)Y is the natural 
representation, is the initial object in the category of continuous representations of G 
in an admissible Cayley-Hamilton algebra an object of and whose determinant is 
residually D2. So as not to multiply the statements, we will focus directly on the rigid- 
analytic counterparts of this fact. 

4.5.1. Let M be a coherent Cy-module. For each open affinoid U , recall that the finite 
C([/)-module M{U) has a canonical Banach module topology ; for a general admissible 
open [/ C F we give M{U) the weak topology with respect to the restriction maps 
M(U) — > M{y) where V d U is any open affinoid (we already gave this construction 
when M = Oy in § 13.13.11) . If M is moreover a Oy-algebra then for each admissible 
open U CY, the subset of units M*{U) is closed in M{U), and we shall equip it with the 
subspace topology. A continuous group homorphism p : G — > M* is a homomorphism 
form the constant presheaf G over Y to the sheaf M* , such that for each admisible open 
U dX, p{U) : G — > M*{U) is continuous. 

Let us denote by CHdiG) the category whose objects are the triples (y, (i?, T), p) where 

• y is a rigid analytic space ; 

• i? is a coherent (9y-algebra equipped with an (9y-linear map T : R — > Oy, 
such that for each admissible open U, T{U) : R{U) — > 0{U) is a (i-dimensional 
pseudocharacter for which R{U) is a Cayley-Hamilton C([/)-algebra 

• p : G — > R* a continuous group homomorphism. 

A morphism {Y, {R,T), p) — > {Y' , {R' ,T'), p') in CHdiG) is a pair (/,(?) where / : 
y ^ y is an analytic map and g : R' — > R is an /-morphism of O-modules, such 
that whenever U dY and V dY' are admissible open with f{U) d V (so that we have 
fuy ■■ 0{V) ^ 0{U) and guy : R'{V) R{U)), we have T{U) o g^y = fuy o r{V) 
and fuy op' {V)=p{U). 

Proposition 4.6. The category CHd{G) has a final object (X, {R,T),p). 

Proof — Let (Y, (R, T),p) be an object of CHd{G). The trace T o p : G — > C(y) is by 
definition a continuous 0(y)-valued pseudocharacter of dimension d, so there is a unique 
analytic map f : Y ^ X such that T o p = /* o Tr where Tr is the trace associated to 



Note that if [/ = IJ,- Ui is an admissible covering and {R{Ui),T{Ui)) is Cayley-Hamilton, then so is 
iR{U),T{U)). 
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the universal determinant D over X, by Thm. I3.16[ As X is the disjoint union of the 
Xz it is enough to show that the full subcategory CHd{G){z) of CHd{G) whose objects 
(Y, . . .) are such that f{Y) C X^, has a final element {Xz, ■). 

Let us fix a z e \G{d)\, set A = A{z) and consider S := A[[G]]/CH{V). As S is finite 
type over A we may consider 

S := S"^ 

the coherent Ox^-algebra associated to S ([DJj, 7.1.11]). By construction of iS"^, the 
natural determinant V : 5 — > A gives rise to a canonical d-dimensional pseudocharacter 
T" : S — ^ Ox:, for which 5 is a Cayley-Hamilton -algebra (as 5 is a Cayley-Hamilton 
y4-algebra and as this property is preserved by any base change) . The natural continuous 
representation G — > S* gives rise to a continuous representation 

: G > S*, 

and by construction T" o p" = Tr. We claim that {Xz, (S*, T"),p") is a final object of 
CHd{G){z). 

Indeed, let {Y, {R,T), p) be an object oiCH.d{G){z). We already defined a natural map 
/ : Y — ^ Xz such that T o p = /* o Tr. Let U <ZY and V <Z Xz he open affinoids such 
that f{U) C V . The canonical map A — > 0{V) factors through some model A C 0{V), 
and we may choose a model B C 0{U) so that / induces a morphism A — > B. Using 
the continuity of p and the compactness of G, there is some finite ;B-algebr30 TZ C R{U) 
containing p{G) and such that 7l[l/p] = R{U) and T{U){1Z) C B. The natural map 
induced by p 

A[G] — > n 

is continuous for the p-adic topology on 71 and for the topology on A[G] discussed in 
§4.3.1[ As 71 is complete and a Cayley-Hamilton ;B-algebra, we get then from p a natural 
morphism 

S(S)aA — y7l, 

hence a natural morphism guy : S{V) — > R{U) after inverting p. These guy glue 
to an /-morphism g : S ^ R, and we check at once that {f,g) : {Y,{R,T), p) 
{Xz, {S,T'^), p^) is the morphism we were searching for. □ 

Note that by construction, for each open affinoid V <Z S, the natural map 

0{V)[G] — y S{V) 

is surjective, and its kernel contains the Cayley-Hamilton ideal (but it may be bigger). 
The existence of this coherent sheaf 5* on X is sometimes a reasonable substitute for the 
lack of true canonical family of representations over X. We give below a very specific 
example of application to the definition of a global Sen polynomial on X when G is a 
local Galois group. 

^^Start with any finite type K-subalgebra 7^ C R{U) such that 7^[l/p] = R{U) and T{U){n) C B. 
Remark that p{H) C TZ for some normal open subgroup H G G, so replacing TZ by ngp{g)Rp{g)^^ we 
may assume that p{g)np{g)-^ = TZ for all g £ G. But then J2g P{9)'^ 

is a finite sum and a S-subalgebra 

containg p{G), so we may assume that TZ has this property too. 
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Example 4.7. (The universal Sen polynomial) Assume that G = Gal(Qp/Qp) is the ab- 
solute Galois group of Qp. Let u = (Y, {R,T),p) be an object of CHd{G). We may apply 
Sen's theory |Sen| to the collection of Banach-algebra representations G — > 1Z{U)* , for 
U dY any open affinoid. The characteristic polynomials (with respect to T) of the Sen 
elements, with U varying, all glue to a single polynomial 

which is monic and of degree d. The functoriality of the formation of the Sen element 
shows moreover that for any morphism (/,(?) : u ^ uj' m CHd{G), /*(-Psen,i^') = -Psen,<^- 
By Prop J4.6l the Sen polynomial Psen := -Psen,a; £ C'(X)[i(:] is then universal among the 
Sen polynomials. For instance, if x G X has residue field L (a finite extension of Qp), 
the evaluation of Psen at x is the usual Sen polynomial of the continuous semisimple 
representation G — > GLrf(L) attached to x. 

Let us now prove Proposition G of the introduction^^ We have to show that i?"''' 
is represented by X'" defined in Remark 14.21 and p : G ^ Pp^irr- First, the reduced 
trace of Azumaya algebras induces a natural transformation E^" — > E^'^ which factors 
by definition through X^" C X. To show that E^" — > X"''' is an isomorphism it is 
enough to show that for any affinoid Qp-algebra A, and any T G E^^{A) such that all 
the evaluations Tj., for all closed points x, are absolutely irreducible, there is a unique 
isomorphism class of continuous representations p : G ^ B* where B is an Azumaya 
A- algebra of rank (f, namely : the canonical map p^ : G ^ {A[G]/CTC(T))* . But this 
follows from Theorem 12.221 as in Corollary 12.231 (i) (p" is continuous as T is and the 
reduced trace of an Azumaya algebra is nondegenerate). 

4.8. A true representation over an alteration of X. Following De Jong, define 
an alteration Y ^ Z, as a proper rigid analytic map such that for some Zariski-dense 
admissible open subset U C Z, f~^{U) is Zariski-dense in Y and / : f~^{U) — > U is 
finite, etale, and surjective. We check easily that the composite of two alterations is an 
alteration. 

Proposition 4.9. There is a reduced rigid analytic space Y , an alteration f : Y — > 
Xj-ed, a locally free Oy -module P of rank d, and a continuous representation p : G — > 
GLo(P), such that for any geG, + tp{g)) = f*{D{l + tg)) G 0{Y)[t]. 

(Here Xred denotes the nilreduction of X.) In other words, CHd{G) contains some 
object (F, (Endc)(P), tr), p) with Y reduced and P locally free, such that the canonical 
map Y — > Xj-ed is an alteration. 



'^"Recall that if L is a field and if R is an Azumaya algebra over L of rank d?, that is a central simple 
L-algebra of dimension (P , and if p : G — * i?* is a group homomorphism, then p is said to be absolutely 
irreducible if 

p®LL:G^{R®LLy ~ GLd(I) 

is irreducible. If det : R ^ L is the reduced norm of R, then det(p) is absolutely irreducible if, and only 
if, p is. 
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As we will show, there is actually a finite alteration h : W ^ Xj-ed and a coherent 
torsion free Cviz-module with a representation G — > GLo{N) with generic charac- 
teristic polynomials h*{D{l + tg)), and / is the compositum of h with a birationnal map 
g -.Y ^ W (when W is normal, the blow-up g of the d-th Fitting ideal of and the strict 
transform P of N via g work). In some cases (e.g. over with split multiplicity 
free), we may take h = id, so that / is even a generic isomorphism. 

Proof — This is a slight extension of |BCl Lemma 7.8.11]. As X is the admissible 
disjoint union of the X^, it is enough to construct {Y, M, f) over each X^ = Spf (y4(z))"§, 
so we fix some z G 1^(^)1. Let A be the nilreduction of the biggest p-torsion free quotient 
of A{z). Arguing as in the proof of [BC| Lemma 7.8.11 (i)], we may find a finite normal 
extension B D A with B torsion free as A-module, a finite type i?-module M with 
generic ranks d, and a continuous representation 

p:G — > GLa(M)* 

such that for each g E G, det(l + tp{g)) (which belongs to K\t] a priori, with K = 
Frac(5)) coincides with V{1 + tg) G A[t\. 

Consider now the rigid analytic space W := Spf(i?)"^. The natural map A ^ B 
induces a finite alteration h : W X;, (see [DJl Prop. 7.2.4]). Moreover, A^ := M"s 
is a coherent torsion free Cvy-module (generically of rank d) equipped with a natural 
continuous Ovi^-representation of G with generic trace h* o Tr. By |BCl Lemma 3.4.2] 
there is a proper and birationnal morphism g \ ^ W such that the strict transform P 
of A^ is a locally free Cy^-module of rank d : f := goh, P, and the natural representation 
G GLc)(P), have then the required properties. □ 



Remark 4.10. As the proof of |BCl Lemma 7.8.11 (i)] shows, we may assume that 



over some Zariski-dense admissible open f/ C y, for all x G f/ with residue field k{x) 
P k{x) is a semisimple A;(x)[G]-module. 

5. An application to Galois deformations 

Let G be the Galois group of a maximal algebraic extension of Q unramified outside 
{2, oo} and consider 

p:G^ GL2(F2) 

the trivial representation. Our main aim here is to study the generic fiber X(p) of the 
universal deformation of det(p) : ¥2[G] — > F2 as in §3.11 and more precisely its odd locus, 
i.e. the closed and open subspace 

X(p)°^'i C X{p) 

where a complex conjugation c E G has determinant —1. By class field theory, the 
(separated) abelianization G'^^ of G is isomorphic to Zg, thus condition C{p) is satisfied 
and X{p) makes sense. 

Theorem 5.1. X{p)"'^'^ is the open unit ball of dimension 3 over Q2. 
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Remark 5.2. By a well-known result of Tate |Ta| . p is the unique continuous semisimple 
representation G — > GL2(F2), so |G(2)| = {p} and X{p) is actually the universal 2- 
dimensional 2-adic analytic pseudocharacter of G. 

In order to prove Theorem 15.11 we shall consider the subfunctor 

^odd ^ p 

of the deformation functor F of det(p) which is defined by the condition that the char- 
acteristic polynomial of c be + 1 (here and below we shall use the notations of §3.ip . 
This subfunctor F"'^'^ is pro-representable by the quotient of 

where D(p)(T — c) = — /T + g E A{p)\T]. Moreover, we check at once (following 
the proofs of Lemmas 13.141 (ii) and 13. 9p that the generic fiber of F"'^'^ is X(p)°'^'^. As a 
consequence, it is enough to show that 

(5.26) A{-pr''^^Z^\[x,y,z]]. 

We start with a tangent space computation that we explain in its natural generality. 
In the following lemma, G is any profinite group, A is a commutative ring such that 
2 A = 0, and Dq : A[G] — > A is the trivial determinant of dimension 2, so 

Do{T-g) = iT-lf eA[Tl WgeG. 

We denote by G^ the closed subgroup of G generated by the squares of the elements of 
G. This is a normal subgroup containing the commutators of G, so G/G"^ is a profinite 
F2-vector space. We shall be interested in the A-module T of deformations of Dq to A[e] 
(see §2.241) . By Lemma Fl. 91 any D G T may be written uniquely as a pair 

(2 + er, 1 + e6) 

for some maps t,6 : G — > A. 

Lemma 5.3. The map D G T i-^ (r, 5) is an A-linear isomorphism onto the A-module 
of pairs of continuous maps (t,d) : G/G"^ — ^ A where t(l) = and d is a group 
homomorphism. 

Proof — Let D = (2 + er, 1 + 6(5) G T be an 74[e]-valued determinant. As 2A = 0, 
condition (b) in Lemma [L9] is reduced to 

Tig-'h)=righ), Wg,heG, 

or which is the same r(/i) = T{g'^h) for all g,h E G. The lemma follows then from 
Lemma [L9l □ 



Indeed, xyx ^ = {xy)^{y ^y^y 
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Let US go back now to the case of the Galois group G, for which GjG'^ ~ F2 x F2. 
By Lemma [573I and takind into account the odd condition, the tangent space (F2 [e] ) 
is isomorphic to the F2-vector space of pairs of maps (t, 5) with r(l) = r(c) = and 
b : G/G"^ ^ F2 a group homomorphism with 5{c) = 0, so 

dimF,(F°'id(F2[e])) = 3. 

In particular, if m is the maximal ideal of A{p)°'^'^, then 

dimF2(?Ti/m^) < 4, 

and it only remains to show that the Krull dimension of A{py^'^ is at least 4, or better 
that the Krull dimension of 74(p)°'^'^[i] is at least 3. For that it is enough to show that 

for some (closed) point x G X{p)°'^^, the completed local ring Ox,x has Krull dimension 
at least 3. Indeed, the Krull dimension of a local noetherian ring does not change after 
completion, and Ox,x is (canonically) isomorphic to the completion of /l(p)°'^'^[|] at its 
maximal ideal defined by x (see |DJl Lemma 7.1.9]). 

Consider for instance the point x parameterizing the Galois representation 

PA-.G-^ GL2(Q2) 

attached by Deligne to Ramanujan's A modular form. This representation is irreducible, 
odd, with trivial residual associated determinant (actually, any such representation would 
allow us to conclude below). By §4.11 Ox,x is the universal deformation ring (in the 
sense of Mazur) of p^. But it is a well-known observation of Mazur [M] that the Krull 
dimension of such a deformation ring is at least 

dimQj H^{G, ad(pA)) - dim^j H'^{G, ad(pA)) = 3 
by the global Euler characteristic formula of Tate (and as pA is odd) . Actually, as 2 is 
a regular prime, the if^ above even vanishes, thus Ox,x — Q2[[u,v,w]]. This concludes 
the proof of fl5.26p . and of Theorem 15.11 

Remark 5.4. (i) If g E G is any element such that g and —1 generate topologically 
G-ab ^ actually showed that v4(p)°^'^ = Z2[[Tr(^) -2, Tr(cc/) -2, D(^) - 1]], 

where Tr and D denote the universal trace and determinant. 

(ii) A maybe more elementary method to show the smoothness of F°'^'^ would have 
been to study abstractly the relations occuring in the process of lifting determi- 
nants. 

To end the proof of Theorem H of the introduction, we still have to study the other 
(less interesting) components X(p)^ over which the universal trace of c is ±2. As there 
are continuous characters x '■ G — > {±1} such that x(c) = —1, X{p)^ and X{p)~ are 
isomorphic, so we focus on X(p) + . We claim that over X{p)~^, the universal pseudochar- 
acter Tr factors through G^^/ (c) = Z2/{±1}. It is enough to show that : 

(a) Over the whole of X(p), Tr factors through the maximal pro-2 quotient P of G, 

(b) Over X(p)"'', Tr factors through G/H where H is the closed normal subgroup of 
G generated by c. 
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Indeed, assuming (a) and (b), Tr factors through the quotient of P by the image H' 
of H in P. But [P/H'Y^ = Z*J{±1} is monogenic, so P/H' = Z*/{±1} by Frattini's 
argument. 

Part (b) above follows from the fact that 

e := (l-c)/2 

is an idempotent of Q2[G] such that Tr(e) = 0, so e G ker(Tr) by |BCl Lemme 1.2.5 (5)], 
thus Tr(c(7) = Tr^g) for all g E G. 

Part (a) is a consequence of the following general lemma, whose analogue for true 
representations is well known. In this lemma, G is any profinite group, k a finite field of 
characteristic p, and p : G ^ GLd{k) is any continuous semisimple representation such 
that det(T - p{g)) G k[t] for all g eG. 

Lemma 5.5. Let A be a commutative, profinite, local W{k)-algebra with residue field k 
and let D : A[G] — *• A be a continuous determinant deforming det(p). Then D factors 
through A[G] — *• A[G/H] where H C ker(p) is the smallest closed normal subgroup such 
that ker(p)/if is pro-p. 

Proof — We have to check that D{T - gh) = D(T - g) for a\\ g e G and h e H. 
We may assume that A is a finite ring. By Lemma [2.331 we may assume that D factors 
through a finite quotient G'. By Lemma [2. 101 and Theorem 12.161 the radical of the finite 
ring 

B := A[G"]/ker(D) 

is the kernel of the natural extension of p : k[G] Md{k). In particular, the image of the 
natural continuous group homomorphism ker(p) — > B* falls into the p-group 1 + rad(i?), 
what we had to prove. □ 

As a consequence, we may replace G by its quotient G' = Zg/jil} ~ Z2 to study 
X{p)~^, which is now a trivial exercise. Consider the (pro-representable) subfunctor 

F+ =: Spf(A(p)+) C F 

of deformations of det(p) as determinants on G' . Its generic fiber is X(p) + , and we claim 
that F+ ~ Spf(Z2[[x,?/]]). Indeed, as G'/G'"^ ~ F2, Lemma O shows that 

dimp^ F+(F2[e]) = 2. 

It remains to show that de Krull dimension of A{p)^ is at least three. Consider two 
copies Xi '■ ^2 — ^ Z2[[Ti]]*, i = 1,2, of the universal 2-adic character of Z2 (1 being sent 
to 1 + Tj), and set 

D:=xiX2, MG]^M[Ti.T2]]- 
This 2-dimensional determinant takes its values in the subrin^ Z2[[a;, y]] where x = 
Ti + T2 and y = T1T2. The induced map 

Aipy ^Z2[[x,y]] 

is clearly surjective, hence an isomorphism, which concludes the proof of Theorem H. 
'^^Note that this ring coincides with Z2[[Ti, r2]]®^- 
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Remark 5.6. We showed that the universal pseudocharacter on X{p)^ is everywhere 
absolutely reducible : precisely, it becomes a sum of two characters over a covering of 
X(p)^ of degree 2 by the 2-dimensional open unit ball. In the same vein, it is easy to 
determine the reducible locus of X(p)°'^'^ : in terms of the coordinates x = Ti^g) — 2, 
y = Tr(c(?) — 2 and z = det{g) — 1 (see Remark 15^41 ) . it is given by the relation 

— y'^ = 4(1 — X + y + z). 

Moreover, we could show that over X(p)°'^'^ there exists a continuous representation 
G — > GL2(0) whose trace is the universal pseudocharacter Tr. 
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